
Image decomposition

Image decomposition based on Singular Value Decomposition (SVD)
Definition: (SVD)

Theorem:

Lecture 6:

Recap

For any g E Mmxn
,

the  singular value decomposition I SVD )

of g is a matrix factorization :

g = UZVT
,

where U E Mmxm
,

V E Mnxn are

orthogonal
,

-2 e Mmm is a diagonal Matrix ( Iij  = o if  it j ) with diagonal entries given by :

8
,

Z t
. Z . .  . 7 or > o with re  min ( m , n )

. ( U UT -

- UTU = I ; VV
" -_VTV= I )

Tingler -  values

The rank of g is given by the number  of non - zero singular values
.



Remark: Consider an image g . Let g = U EV
' be the SVD of g

( with diagonal entries of -2 given by di  zh Z . -
. Z Or > o )

I
. Note that g=U -2 VT =

,

ri Uf
"

'.it?.ofiihVT=i.IriuiviTuiv
! is  called the eigen - image of g under SVD

.

2. For NXN image ,
the required storage  is .

.

( N t N t I ) x r = ( 2N -11 ) r

Fi Fi Fi terms



Definition: For  any k ( of k Er )
,

we define

9h =

,

oejujvjt ( rank - k approximation of g)

It
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"

"
"
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.

.

.
) VT

-

Rank - k ! !



How to compute SVD

Let A C- Mmxn

Step I : Find eigenvalues { Xi ,
Xz

,
. . . ,

Xn 's Step 5 : Let :

and orthonormal eigenvectors { I
'  F 2 '  

- - -

 '

Fn )
U = µ, - - - #m) C- Mmxm

of ATA E Mnxn ( with 11%11=1 , jet ,
. . ,

n )

[ Recall : fATA ) Tj  = Xjvj ]

Step 2 : Define :  

E = In¥ ,)eµm×.

V -

-

- - - Yin ) e Mmm

←
Add zero

O rows if m > n

Step 3 : For non - zero 8 , ,

Oz
,  

- .  -

,
Or

,
Then : A  = U -2 VT

let I
,

-

- ANI ,
I

.

-

- ALI
,

.
.

,uir=AI÷

Step 4 : Extend { Ii
,

. . .

,
Ir } to the basis

{ vii. . . . ,
Ir

,
. . .

,
I'm } of IR ?



AVI:
N

→ EE
.
! ) a. in

Cl

AT , Ui  =
A C cross - product)

I ti
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Error of the approximation by SVD
Theorem:

Proof:

Let f  =

,

8
; iijvjt be the SVD of a MXN image f

.

For any her
,

Xi

and fer = ¥75. uijvj.

T

,

we have .
.

H f - fall ; = 7¥
,Let

f-iE.riu.ve .

( !! Nii
-

- Voice )

a
Let D= f - fer = ti iii i ? E Mmxxi

.

Then
,

the  m - th row
,

n - there entry of D is given by , (
Uil Vil Vil Vil

- -
.

Dmn = Fadi uimvin
" '

where iii. fTui: ; Ii -
. ( I

Him )
'

'

- Dmi = ( Effi Uim Vin ) !
, .

¥Yi '

aim vin -12 Fam
, Z÷,Yi of Uimvinujmvjn .



Remark:

Thus
, HDMI = ZED mi

= EE ( Franti
'

uimvinl-2.IT?g.y.itjUimVinujmVjn)--Ei.riEElvin!iEm¥÷!i
-

- Iii
.

i

• To approximate an  image using SVD
,

arrange the eigenvalues A ;

in decreasing order and remove the last few terms in ¥7,8; a' iii. T

• rank - k approximation  is the  optimal approximation using k - terms
( in term  of F - norm ) for with rank - k image,


