Solution 3

(a) For any t € [0,1],z,y € RY

f(AQtz + (1 = 1)y)) = f(tAz + (1 - ) Ay) < if(Az) + (1 - ) f(Ay)

Thus, g is convex.
(b) The claim follows immediately from the fact that that epi(sup, f)) =

Nxepi(fx)-

2.

(a) A convex but not strictly convex function is f(x) = z. A strictly convex
but not strongly convex function is f(z) = 2%/2, 2 € R*.

(b) Counter example: f(x) = —x and g(z) = 22 are both convex but fog =

—z2 is not.

3.
(a) First consider the case o = 1, which easily gives convexity. Then consider
the case o > 1, where f(x) = |z|* is differentiable. Then f"(z) = a(a —
1)x*2 >0 for z > 0 and f’(z) = ala — 1)(—z)*"t >0 for # < 0. Thus, f is
convex.
(b) Note that the Hessian matrix is diag{1/ (1 4+ #1)*,1/ (1 + 22)*,..., 1/ (1 + zn)*},
which is positive definite.
(c) Let P be semi-positive definite. Let ¢ € [0,1] and x,y € RY. We have

(tr + (1 —t)y) " Ptz + (1 —t)y) —tz' Pxr — (1 —t)y' Py
=—t(l—t)a" Pr—t(1—t)y Py+t(l —t)z' Py+t(1—t)y' Pz
=—t(l1-1t) (a?TPac +y " Py—a'Py— yTPx)

— 1=tz —y) Pz —y)

<0.
Thus, z " Pz is convex.



