1 Subgradients

Theorem (Moreau-Rockafellar): Let f,g : R” — (—o00,00] be proper convex

functions. Then for every xyp € R"

Of (xo) + 0g(z0) C O(f + g)(z0)

Moreover, suppose int dom(f) Ndom(g) # 0. Then for every xy € R,

df(wo) + dg(x0) = A(f + g)(x0)

Proof. Let up € 0f(x0), ug € 0g(xp). Then for every x € R”,
f(z) = f(zo) + (w1, 2 — wo), g(x) = g(z0) + (U2, 2 — 20)

Hence, adding the two inequalities shows that u + v € d(f + g)(xo).
Now, let v € O(f + g)(x0). Note that f(xg) # oo, otherwise this implies that
f 4+ g = oco. Similarly, g(xg) # oo. Next, consider the following two sets

Ap:={(r —z0,y): y> f(z) — f(wo) — (v,z — 20)}
Ag = {(x —z0,y) : —y > g(x)— g(xo)}.

Af, Ay are both nonempty and convex (consider epi(f), epi(g)). Also, since
v e d(f+g)(xo), ArNAy =0 (otherwise, adding the above two inequalities
contradict the fact that v € O(f + g))

Then Ay, Ay can be separated by a hyperplane. So there exists (a,b) # 0, ¢
such that

<CL7LL“ - x0> + by <eg V($,y) such that y> f(.’E) - f(xO) - <va - x0>

(a,z — o) + by > ¢, V(z,y) such that —y > g(z) — g(o)

Since (0,0) € Ay, ¢ <0. Since (0,1) € A, b <0.

For all € > 0,(0,¢) € Ay, since b < 0, letting € — 0, we get ¢ > 0. Hence
c=0.

Suppose b = 0, we have

(a,x —x0) <0, VY(x,y) such that y > f(x) — f(xo) — (v,x — z0)

(a,x —x0) >0, VY(x,y) such that —y > g(z) — g(zo)

which are equivalent to

(a,x — x0) <0, Vo € dom(f)



(a,z — x0) > 0, Vo € dom(g)

Let T € int dom(f) Ndom(g). Then (a,Z — x¢) = 0. Since T € int dom(f),
there exists § > 0 such that B(Z,d) C dom(f). Then
da

=) = (G»TJF%G—@“@ <0
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So a = 0. This contradicts the fact that (a,b) # 0. Hence b < 0.
Let —ug = =, we have

(—ug,x — x0) <y, V(z,y) such that y > f(z) — f(z0) — (v, — 20).

(—u2, 2 — o) > y,V(x,y) such that —y > g(x) — g(xo)

Consider y = g(xg) — g(x), then uz € dg(xp).

By considering (z, f(z) — f(zo) — (v, z — x0) + € and letting ¢ — 0, we have
up =v —ug € f(xp).

Hence v = uy + ug € df(xo) + dg(xo).

Therefore O(f + g)(xo) C f(xo) + dg(zo). O



