2425 MATH3310 Computational and Applied Mathematics

Midterm Examination

Please show all your steps, unless otherwise stated. Answer all 4 questions. The total
score is 100.

1. Consider the following ODE:
—u =20 +3u=e"tcos2t, teR
Follow the steps below to solve the ODE. Please show all your steps in detail.

(a) Let v(t) = u(t)e’, show that v(t) satisfies the following equation

—v" +4v =cos2t, tcR

(b) Find the general solution to the above equation.
(Hint: A particular solution is also a trigonometric function)

(c) Solve the ODE with u(0) = 1,4/(0) = —1

4

solution:
(a) u=wve " v =e (v —v), and v’ = e (v — 20" +v).
So —u" —2u' + 3u = e (—v" +4v) = et cos 2t
(b) v(t) = Ae™? 4 Be* + £ cos 2t
(c) general solution u(t) = Ae™® + Be' + te ' cos2t. With u(0) = 1,4/(0) = —1
_2p_5
A =3 B = 3
2. (a) Let f(z) be a 2m-periodic function and f(z) = |z| for € [—7,x]. Find the real
Fourier series of f(x). Please show all your steps in detail.

(b) Using (a), find the series solution to the following heat equation whose domain
is {(z,t): t >0,z € [-m, 7]}

Uy = Uy t>0, x€(—mmn)
U (—m,t) = ug(m,t) t>0
u(—mt) = wu(mt) t>0
u(z,0) = |z x € [—m, 7]

(c) Using (b), find the series solution to the following heat equation whose domain
is {(z,t): t >0,z € [-m, 7]}

(

N

U = Uze + > ((20)*t 4+ (2n)?) cos (2nz) + 1 >0, z€(—m,mn)
n=1

Up (=7, 1) = Up(—7, 1) t>0

u(—m,t) = u(m,t) t>0

L u(z,0) = |z] x € [—m, 7]

where N is a positive integer.



solution:

(a) Suppose f(z) =ao+ Y (ancosnz + b, sinnz),

n=1
[T |zlde
Q= "FTr 75, =35
0 7 ldx 2
B J7_|x| cos nwdax B 2 [ @ cosnadx C2((-1)m—1)
" J7_cos? nwda B f:r Mdm B n2m
b, =0
x| = —+ZQ( ) cosnx, x € [—m, )

(b) According to the boundary condition wu,(—m,t) = u,(w, t), u(—m,t) = u(m,t), all

eigenfunctions are {sinnx,cosnz: n=0,1,2...}.
Thus, suppose u(x,t) = ag(t) + > [an(t) cosnz + b, (t) sinnzx], by uy = uy,, we
n=1

have
t) —i—Z lay,(t) cosnx + b, (t) sin nx| Z —n’a,(t) cosnz + —n’b,(t) sin nz]
n=1

Hence a,(t) = e " "a,(0), by(t) = e b, (0), ag(t) = a(0).

By the expansion obtained in (a), b,(0) = 0,a,(0) = %,CLO(O) =75. We
have

oo n ) )
E = 2 e "teosnx

[a,,(t) cos nz + by, (t) sin nzx], this time the ODE

wm

gL

Still, suppose u(x,t) = ag(t)+
1

3
Il

for a,(t) is that
For n even and n < 2N,

a,(t) = —n?a,(t) + n*t +n?
an(0) =2 =0

For other positive n,

a,(t) = —na,(t)
an(0) = 2((=1)"-1)

n2m

For n =0,
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Then for the last two cases, it’s easy to obtain the answer a,(t) = %e_”% and
ag(t) = H=. For the first case,

(an(t)e"™) = (n't + n*)e"

¢ ¢
an ()™t — a,(0) = / (ns +n?)e"*ds = / (n?s + 1)e" *d(n?s)
0 0
n2t n2t
= /o (u+1)e"du = ue”‘o

an(t) = n’t

3. Consider the differential equation:

d? d
ad—;; - bﬁ = f(x) for z € (0, 2m),
where a,b > 0. Assume u and f are periodically extended to R. Divide the interval
[0,27] into n equal portions, where n = 2! for some [ > 10. Let x; = 2%] for
=0,1,2,...,n—1.

Let u = (u(xg), u(zy), ..., u(z,—1))T and £ = (f(z0), (1), ..., f(zn1))T.

Let D; and Dy be two n X n matrices, which are defined in such a way that:

u(zje) — 2u(z;) + u(z;—s)
4h? 7

(Dru); — U(%‘+2)4—hu($j—2) and  (Dyu); —

and we can discretize the differential equation as
(*) CLDQH + bDlu =f
(a) Explain why D; and Ds approxmlate — and d2 respectively.

T e — Lo
(b) Letu= Z ipe*® and f = Z fre®® where Gy, fr € C and e'** = (ethwo eikzr
k=0
If u satlsﬁes (*), show that

.,e““Nfl).

(aX + ka)ak = fk for some )\, and Xk,

for k=0,1,2,...,n — 1. What are \; and Xk? Please explain your answer with
details.

(c) What is the general solution of (*)? Please show and explain your answer with
details.

solution:

(a) By taylor expansion,

u(xj+2) _ u(x]) 4 2hu'(xj) + (22}1') u"(:(:j) + (2;) ///( )+O(h4)
/ 2h 2 " 2h 3 " 4
u(ry—a) = u(ay) — 200 () + () — Py 1 o



Thus,
u(@j42) — u(xj—2)
4h
w(@j2) — 2u(z;) + u(w; )
4h?

= u/(z;) + O(h?)

=u"(z;) + O(h?)

—
(b) We prove that ¢** is an eigenvector of both D; and Dy, for k =0,1,...,n — 1.

D ik eikxj+2 _ eikxj,Q ik 6ik2h - efik2h 7 sin (Qkh) ik
e = =e = e
' 4h 4h 2h
D2€ik:rj _ U((L’j+2) - 2“(1:]) + u('xj—?) _ er2hh + e 2 — 2eikmj _ sin” (kh) eikxj
4h? 4h? h?
Therefore
n—1 n—1
— — ~ —
aDyu+bDiu =Y _ aiyDie™ + biiyDae’™ = ~(aky, + by )itpe™
k=0 k=0
. ~ . —
where )\, = w and A\, = % Since {e’kx} is linearly independent,

(C) (a)\k +9Xk> _ zsm(2k:h By sin? kh) — <in (k_h)<2ah-icos(k}f;2)fbsin (kh))
alp + b\, = 0 iff sm(k:h) =0, equlvalently %’rk = 0 or . Since n is even, there

are two k satisfying aAx +0Ax = 0, namely k = 0, 5. Hence the general solution
can be written as

— — nt F —
u(z) = Ae™ + Be's" + Gk
kA0, aX; + by

4. Let ¢= (cg, 1, ,cq—1) and A be a circulant matrix that
C0 Cp—1 Cp—2 -+ (O
C1 0 Cp—1 -+ C2
A= Cs 1 Co
Cn-1 Cp—2 " C1 Co
The circular convolution of two vectors & = (xg, 21, ,Zn-1),¥ = (Yo, Y1, " * s Yn—1)

is defined as a vector Z * i such that

(@ *9); ley] , 7=0,...n—1

where y; = Yjin,T; = Tjqn, for any j € Z. Entry-wise product of two vectors is
defined as © ® ¢/ := (2o - Yo, " -+ , TN—1 - Yn—1)-



Here are definitions of discrete Fourier transform and inverse discrete Fourier trans-
form.

1 N-1
DFT(7)(j) = 5 > wme ¥
=0

N-1
iDFT(Z)(j) = Y _ met' =7
=0

(a) show that A¥ =7 ¢

(b) Suppose ¥ = DFT(f) and ¢ = DFT(g) for some vectors f, g. Show that
AZ =DFT(f ®g)
Hint: You may try to prove iDFT(Z % ¢) = iDFT(Z) ® iDFT(¢)
solution:
(a) (AZ)(j) = xocj + x1¢j—1 + -+ + Tp_1Cjp1 = :LZ:: ¢

(b) it reduces to prove DFT(f) * DFT(g) = DFT(f ® g). For any fixed k,

n—1 n—1 n—1 n—1
2 - g 1 —i2%im 1 —i 2™ (k—j)l
DFT(f) « DFT(q)(k) = Z 3085 = (=D fme™" >---<5Zgze (k=)
7=0 7=0 m=0 =0
n—1 n—1
_ iQ fmgle_z%rkl ei%r(l—m)]
n m,l=0 7=0
1 N-—1
27
= fngre "k I(m = 1)
m,l=0
1 n—1
- = ~i5rkm — DFT k
m=0
n—1
’I’L—l = =
Zei%ﬂ(l_mh ]Z::O l=n, ifl=m
- 1_6124(1—M)n .
7=0 0, ifl#m



