
Lecture 7 Recall :

#FTand numerical diff egt

Consider : = f for X[0,
25] with periodic boundary

condition210) = U125)

Suppose f is measured only at N discrete points :

Xo
,

X , , ..., XN- h=
Xo X, X2 M XN

---X

+ F=EandI I
(unknown)



Recall :

By Taylor's expansion,
u(Xj +h) = u(Xj) + hu'(xj) + hu"(xj) - (1)

u(Xj - h) = u(Xj) - hu(Xj) + Eu" (Xj) - (2)
Xj+1

(1) + (2) : u"(Xj) =
-x(Xj, h)

- 2u(Xj) + u(Xjh)
Xj- h

i
. u"(Xj)=4

+ -24 + Ujt (Central differena

approximation
Thus :

u" (X0) for j =0
,

1
,

2

- en-No 11

u"(X) -2 #
i =Du where B=

&I I I (u (Xw-1) &
-

I

# i =2

(Use the fact thatMo = UN
,
U-1=UN+)



= f can be discretizedM= (Line
Numerical differential egt

Remark : B is BIG matrix !6

Gol : Design numerical spectral method to solve En =*

Need to : Determine eigenvales/eigenvectors of

In continuous case
, fir is an eigenfunction of ,

that is

eikXo periodic

In discrete case
, define

:exte Capturea
set

Svalues of gitx
at i discrete

Ci



->

Claim : gikx is an eigenvector of B (f= 0
,

1
,

2
, ..,

N-

Mr precisely,
↳eihin

- "

where: x=it
or xm = (zin

&



Gaim : SeExN is a basis of D (consisting of eigenvectorsa

Pfi

( I

le e -- erw
-

AwFu = NIwx
-

Ar"=o



Claim : Rank(CT) = N-1 and nullspace of B is :

N (5) = Spans ( ! ) 3 .

Prof: Rank (5) = # of non-zero eigenvalues of B.
= #5 - x,

,

-72
, ...

- xm,
= N - 1

N(B) = eigenspace of eigenvalue = 0 (B=
= span?)))



NumericalSpectral method

Since Settin is a basis .
We can writehi

-

x and
K

In other words
,

for each j , fj = f(x))=(e) if
i . Fr can be determined by DFT. =
To solve = f

, we approximate it by

=.



Now, Bu = If becomes :

)
E-

(-xeitx

=m(-Xh)gix
Comparing coefficients

,
we get

- 18 k = fe for k= 0
,

1
,

2, ...,
N -

known unknown known
(algebraic equation



1- x2) Uk = 2 for k= 0
, 1 ,

2, ..., N -

For Fe = 1
,

2, ..., N-1
,

we have : K = fr/(-X*)
For k= 0

, Xk = 0

We consider a special solution such that :

A=+
U+...Un fi

Ho Il

Set :
= 0

Note that Fo = -X: o = 0=fitf
jof(x)dX = J u"(x)dx = v(x)) = 0 (periodic

S



Once Ye are all defined for k=0
,

1
,

2
, -- , N-

is can be obtained :

-

-_ (invI
E = Aru) whe Aww. .S



Cain: If it
,

and is are both solutions of Bu = F,
then = ii = 2 + c))) for some coust .

C.

Prof: Bu = I

-ENT
i . i =2

+ c (l)foron the



Remark : For any
other sof* ( B * = 5),

-

=
determined by the particular

condition
condition (boundary



Example: Consider : a +b = f for x [0
,

25].

This time ,
we approximate day by

(*) d(Xj)-zj
+ Uj for jo,,

Again ,
we assume U-1 = UN+, U

= UNH
,

U-2 = UN-2, ... ,
etc

Motivation :

Du(Xj + zh) = u(Xj) + 2hu'(Xj) + 2hu"(Xj)
② u(Xj - zh) = u(Xj) - 24x'(Xj) + 24 u"(Xj)

0 + 0 : u(Xj +2)
+ u(Xj - 2) - 2x(Xj) =

4h u"(Xj)

This time ,
we approximate du as

(**)(Xj)



Denote (**) in matrix form as :

=11 whereBI
Denote (*) in matrix form as :

-20 ---

juni o
-20 I--O -

O) = Di where D =

iI-I-

- I

0 I I 0 -2

&

Remark: D = B
2

.



Claim: eTRX is an eigenvector of B and D.

If: (De)=MxjnLeitx; + eix

4h2meetex
Also

,Getinis

· Beikx= eik


