
Lecture 6:

Recall :

Definition : (Discrete Fourier Transform) Given fo ,
fi
, ..., frC,

then the discrete Fourier
Transform (DFT) is defined as :
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= " where C= f - e
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...,

n-

The inverse discrete Fourier Transfor recovers the original signal :

fj= i for j = 0, 1, 4..., n -



#Motivation1 : Let f(x) defined on Io
,
25] 2n

M

Approximate f(x) by :
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Fn(x)= Re ,

x[0 ,
2] such that
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Fn(Xj) = f(Xj) : Fj , Xj
=z (for all j = 0

,
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,
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n -1)
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Fn(Xo) = Co + G + (2 +
...

+ ( + = So
i(u-1) X

Fn(X i ) = Co + Ge + Ge22X1 + ...
+ (n+ e = f /
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+... + 2n+ e = Sn-1



Remark = Computational cost for DFT is :

Aw = (iwwims)42 multiplication
+

= P(u) i S
u(n-1) addition w = 2

Example : Consider f(t) = 5 + 2 cos(t-1) + 3 cos(2t)·

f is 25-periodic. Divide [0 ,
25] by 4 partitions . Find the DFT of

f (discretized by 4 points).

fo = f(0) = 8 ; f ,
= f(z) = 4 = +z = f() = 8 ; fz = f(E) = 0

i DFT : Ch= - for E = 0
,

1 ,
2

,
3 or

5
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w =et



Motivation2 : Fourier Transformted Fourier Series extended to

( - 0
, %)

Fourier coefficients :
- ikX

Ch= xedx

#X= 25 - periodic
17Divide :
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W

-
-

Xj =2) 2π
U

We can approximate the integration :

-

im()Chf(Xj)e- ikXj
AX = je

=for 0 ,
1

,
2,

- y n+

= DFT
DFT = approximation of (complex) Fourier coefficient.



diff egtFTand numerical

Consider :
du

= f for X[0,
25] with periodic boundary

-

dXz condition210) = U125)

Suppose f is measured only at N discrete points :

Xo
,

X , , ..., XN- h=
Xo X, X2 M XN

--- X
f(xo)

let F

=
E T I II I -

(unknown)



By Taylor's expansion,

u(Xj +h) = u(Xj) + hu'(xj) + hu"(xj) - (1)

u(Xj - h) = u(Xj) - hu(Xj) + Eu" (Xj) - (2)
Xj+1

(1) + (2) : u"(Xj) =
-x(Xj- h) - 2u(Xj) + u(Xjh)

If

Xj-

i
: u(Xj) = 24 Central differen

approximation
Thus :

u" (X0) for j =0
,

1
,

2
, --

, NyNo U1 -- Un-1

u"(X) ↳-2 I
---

I

i =Bu where B= .I I I &

& in &
& (u (Xw-1) &

-

I

# i =

2

(Use the fact thatMo = UN
,
U-1=UN+)



= f can be discretized as
= (Linear

MNXN System)
Numerical differential egt

Remark : B is BIG matrix !6
-

Gol : Design numerical spectral method to solve En =*

Need to : Determine eigenvales/eigenvectors of

iRX
In continuous case

, e is an eigenfunction of , thatisa
eikXo
gikX/ Capture theIn discrete case

, define: I ( at ↓ discrete Si values of e
ikX

Ci ikXn-1

points
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Claim :

e
ikX

is an eigenvector of B (f= 0
,

1
,

2
, ..,

N-
-

Mr precisely, -
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- x,

where : x =)
or xm = (zsin
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