
Lecture 5

Recalli

-Definition : (Real Fourier Series

Consider F(x) EV = E real-valued 2-periodic smooth functions

Then
,
the real Fourier Series of f(x) is given by :

f(x)= GcoSEX + besintx
,
where dan) and Eba are givea

k= 1

by :
do= x ; an= foxcostxdx ; be=Ex Sintx dx



Definition : (Complex Fourier Series

Consider fix) EW = Ecomplex - valued 25-periodic smooth functions)

Then
, the complex Fourier Series is given by :

f(x) = Ecke
ikX

where ECh] is determined by :

k= - Fl
11

-
ikX

(k= f(x)e dx(Here , eik*= coskX + isinkx)

-
The integration is computed separately for the real

part and imaginary part.



Question
:

HowelldoesitapproximateEx Am
,
Baz]

For any 25-periodic function , define :

llf-FIl" : = E)Ho , A , ..., An ,
Bi
,
By
,
... ,
BN)

:= f(x) - (Ancos(x + Besintx)ax

Remark : IIf-FII is called the least square error between

f and F.



Theorem: ECao
,
91
,
.
. . ,
An , di , by , ..., bx) = min ECAo , ...,

An
,
Bi
,
--- , BN)

YAk
,
BkEIR

where :

90= f(x)dX ; ak= f(xcoskXdX ; b= ) sintxdx

Proof : Assume No, ..., AN ,
B , ..., By

are the minimizer of E.

Then : E =o = 0.

(f(x-jcjx + Bjsinjx)
=-2)(f(x)-AjcosjX + Bjsinjx) cos

=-2
*

f(x)coskxdX + 2πAk =0 = Ak =+)+(x) costxdx



Similarly , No= fexdx etc...

sthis the critical point of the minimizer ? HW.



Discretization of differential operators

f(x = g(x x
with f(0) = 1 ; f (1) = 2.

X1Xz Xi Xi+ 1 Xn
-1

Discretize (0
,
1) :Ii+ 1

O in 1

Approximation of
Xi++
/

f(Xi+ 1) = f(Xi) + + f(xi) +

1/
i (Taylor's expansion)

[f(Xi+ ) = f(xi)
- If((i)+

Xi-t
f(xi + 1) + f(Xi - 1) = 2f(Xi) + tf"(Xi)

-

- (xi) =
(Yi+ ) - 2f(xi) + f(Xi+1)

(i)

·is
+ fxie

: for i= 1
,
7, .. ,h+



In discrete case
,
a differential equation can be discretized as :

Du =
where t (i) = values of us at N points EX , X ....xa

u(Xm)

- = g) = values of g at N points &X1
,
X2
, ...,
Xi

I
g(XN)

D = NXN matrice approximating the differential operator.
L -

Question : Can we transform" is and g to turn the (BIG) Linear

system to SIMPLE algebraic equation ?

Answer: YES ! Discrete Fourier Transform !!



Question : Extension to discrete case (Computational Math.

Answer : Discrete Fourier Transform

Goal: ① Define discrete Fourier Transform (DFT)

② Use DFT to solve discretized differential egt.

Definition : (Discrete Fourier Transform) Given fo , fi , ..., frC,

then the discrete Fourier
Transform (DFT) is defined as :

Co

= " where C= f - e

-i(
I
Cn-1
I J for k = 0, 1

,
2,
...,
n-

The inverse discrete Fourier Transfor recovers the original signal :

fj= i for j = 0, 1, 4..., n -



#Motivation1 : Let f(x) defined on Io
,
25] 2n

M

Approximate f(x) by : 11111111
--

ikX
O Xj 2T

11

Fn(x)= Re ,

x[0 ,2] such that
)

Fn(Xj) = f(Xj) : Fj , Xj
=z (for all j = 0 , 1 , 2, .., n -1)

O
/

Fn(Xo) = Co + G + (2 + ...
+ ( + = So

i(u-1) X
iX

Fn(X i ) = Co + Ge
+ Ge22X1 + ... + (n+ e = f /

(A) i
i(n-1)Xn+S

Fn (Xn-1) = Co + pe
=Xn+

+ Ge
i2Xn+

+... + 2n+ e = Sn-1



[2π)
Let w = e

T = C
iX1

, zix, = exce
i
: (* ) can be written as :

fo

1 W

Aw=Ifn -1
: (Aw #w)j ,2= 1 : 1 + wik + 22 z2+.. + 24

+ 1jz(n+1k

↳Ti(j
-2)

= 1 + e2Tilte T+ e
2π-((h-1)(j

-k)

1
11

if j =k
[-E 2πi(j -2)/n

O if jtk



i

: Aw Fw = ul = Fr An

We have :

() = Ar() -E
Cn+1

i
: (k = = (f + e ky+... + e

zk(n+ +n + )
for k = 0, 1 , 2,--2+II

DFT


