
Lecture 4 

Ball: Analytic Spectral method to solve

(u(x) = g(x) .
(e . g .

L=
Find basis functions [PIX)Y ,

such that :

LP(x)=j(x)

g(x) = bjPj(x
Let u(x)= jpj(x)
Then : (u(x) =g()(x)(
Comparing coefficients> Diff

.

egt becomes algebraic egts.



Example : Consider Ht-[Uxx = h(x , t) such that :

u 10 ,
t) = u(2π , t) = 0 and U(X , 0)

= f(x).

Assuming that h(X
,
t)=ht sintx and f(x)in

Sution: This time
,

we consider (=

Then : we choose [Pu(XI]n = [cosux ,

sinux3=.

We assume
:

o

u(x ,
+)
=Zaux + bult)sinaX

Note that M10 , t) = U(25
,
t) = 0

,
we can remove terms with

cosnX

: we assume usX,
t)= bu(t) sinux



= h(X ,
t)

=> petsinX + busine=
in

Comparing coefficients :

beilt) + <t belt) = Et for B.
2

, ..,
N

Also
, u(X ,

0)= 10) sinEx = f(x)=sin
Comparing coefficients :

ber10) = E
.

for K = 1 , , . .,
N



i we have :

belt) + <k - be(t) = kit
for k= 1,

2, ..,
N

E be(d) = k

Can be solved using integrating factor technique :

Schdt Multiply both
sides by

Let M(t) = e &

M(t) etc. -

Answer :

ba(t) = e

-4t)k + jt -setsds)
(exercise !

And balt) = 0 for >N



&

Recall :

Many times we need to approximate f(x) by :

f(x)= accostex + desinkx where

90=f(x)dX ; ak= f(xcoskXdX ; b= ) sintxdx

-Definition : (Real Fourier Series

Consider F(x) EV = E real-valued 2-periodic smooth functions

Then
,
the real Fourier Series of f(x) is given by :

f(x)=GcoSEX+ sintx
,
where dam) and Eba are ina

by :

do=x ; an=foxcostxdx ; be=Ex Sintx dx



Definition : (Complex Fourier Series

Consider fix) EW = Ecomplex - valued 25-periodic smooth functions)

Then
, the complex Fourier Series is given by :

f(x)=
ikX

where ECh] is determined by :

Fl

-"kX
(k= f(x)e dx(Here ,

eik*= coskX + isinkx)

-
The integration is computed separately for the real

part and imaginary part.



Example : 1
.
Real Fourier Series of f(x) = sin2X

.

=

do=f=, a (costxx=
-iin x

1

b= f Sinexdx = 0
E

: fix)= cosex (well-known trigonometric
formula

2. Real Fourier Series of f(x) = x =

x = 2 (sinc - Sin +Si ... ) forX

(90 = a) = az =
- ..

= 0 ; bk = (- 1)k+ )



Example: SupposefoTo even function :fixa*

Then , 90 = 1
,
ak = be = 0 for (eto) f(x) = f) - x)

i . Real Fourier Series of f(x) is 1 (Recovering the original
function)

If f(x) is extended to [T)
,
T1) as an odd function : fix) =S*ETl

Then : do = 0
,
Ak = 0

, be =[↳is ea b
(k+0) I #

Real Fourier Series of f(x) = f(x) =

- f(-xX)

f(x)=
x

+Sin +... ( for x( - T
, i)



Question : How well does it approximate f(x)
?

Consider= VN = (F(x)= Ancostx + Besintax : Al
,
BEER

For any 25-periodic function ,
define :

llf-FIl" : = E)Ho ,
A , ...,

An ,
Bi

,
By

,
... ,
BN)

:=f(x) - (Ancos(x + Besintx)ax

Remark : IIf-FII is called the least square error between

f and F.



Theorem: ECao
,

91
,

.
. .

,
An ,

di
,

by
, ..., bx) = min ECAo , ...,

An
,

Bi
,

--- , BN)

YAk
,
BkEIR

where :

90=f(x)dX ; ak= f(xcoskXdX ; b= ) sintxdx

Proof : Next time !


