
Lecture 13:

Thecall :

· Want to solve : At =
F.

Choose N Sit
. A = N-P.

Splitting method : N*
K

= P*"If
· Jacobi : N = D = diagonal part of A

Gauss - Seidel : N = L+ D = lower part + diagonal part of A.

·

A is SDD => Jacobi
converge

!!
+

Gauss-Seidel

&



Note : Previous example requires that M = N
+
P is diagonalizable.

What if N"P is NOT diagonalizable ?

Theorem : Let At Muxn(D) be a complex-valued matrix.

Then :

him A
= O if and only if (A)

Simple consequence
:

Collary : The iterative scheme T &H
= MY "

+ 5 converges

if and only if P(M) < 1.

#
I

Proof : Consideso-
etiff M -> O iff P(M) < 1.



#of ofTheorembe an eigenvalue of A with eigenvector o

Then : Att = Xt *. Thus,time
=> = (link)

: /x1)) (for all eigenvalue 1)
O

i p(A) =

"max & Ixj)
= Xj is eigenvale



(E) Let X
,

An, . . .,
In be eigenvalues of A (can be repeated

We apply the idea of Jordan Canonical For

3

Find the invertible Q such that QAQ becomes

simple-
ALMOST looks like a diagonal

matrix,



UsefulFact: Canbe usedwithout pan invertible QEMuxu()

such that A = QJQ Where J is the Jordan Canonical

Form of A . Actually,

J = (
Jm .
(Xi)

Jun(Xiz) S ( (Xi ; are eigenvalues

O ...
of A)

Jms (Xis]

where
Jmj (xij) = (
:
zij:i) E Mmjxmj (()5 O

1 jS
is called Jordan block with Xij



=(i)



Now ,
Al = QJ"Q"and

ja = /5 mi) "Juxis)
For he = mj - k-mj+

T ---axi
XijCl---Ch (By M.2)I ! IO-Ch



: PLA) <11 Kij) 1 for all j.

:lin Jij) = O for all j

andlin J
-

· lim Ak = linQ



SittingChoice 3 : Successive overrelaxation method (SOR)

Consider the iterative scheme=

(Suppose A = L + D + U)

LYk+

+ Dyk
+

+ uxk = T - (x)

yk+ = yk + w(yk+
- yk) -

(**)

TR
( Yk+ 1

= t((k+
+ (w- 1)*k)

Putting (** ) into (A) :

(L+ [D)(k
+

+ +(wH + (w-D) -
k

= 5

orD) u)



Remark: · SOR is equivalent to :

NY
·

pn
+ P) =PFD)"(tD - (D+u))

Il

has to be strictly less than Mo

1 and it has to be small in order to converge fast,

· If W = I
,
SOR = Gauss-Seidel



Remark:

· SOR is equivalent to :

A = N - P=--
D+4)

Or equivalently ,
A = (Gij)

a
, y , + am2X2* + .. -

+ anXn" = bi for X, = X , +w(y)- xi)

az X** + Azn Ya
**

+ AusXs" +... + AnnXn" = bu for Xa
*

= Xn" +W(yc- x2)

!S
ansX *

'

+ Anuxa
**

+ .. -

+ Ann yn
**

= In for Xn
**

= Xn"+W(yx)

· SOR = Gauss-Seidel if w = 1.



Conditionfor convergence

Theorem: The necessary
condition (not sufficient) for SOR

to converge
is o < W < 2.

Prof: Consider : det(N"P) = product of eigenvalues
of N-P

= det(() + + D)
+

(= D - (D+u))
(D) = det)(t d)

+ )det(t D - D)
= det (*D) det (+y(1- wix)
= det()) -w)]) = (1 -w)

U

: : (det (N
+ P))==

Ai = eigenvalue of N-IP
11-wl"= kilx(max(i))" = p(N

+ p)a

P(N
+ P) = (1 - w)



Now ,
SOR converges iff PCN

+ P) </

. /1-wl = P(N"P) < 1 = 0 <WS2
.

Remark: In general ,
the convergence and convergence

rate

depends on :

p(N
+

P) < 1



Example: Go back : A =(() = (2) : =

5

.

Recall: P(M)= P(Mcs) =To
NjPj Nas

For sor
, Msor = (L + + D)

"

(tD - (D+u)
= (t(D+w())+(t (D - w(D+u))
= (D+w( () - w(D-wn)
=

: Mson

=W -u)



: Characteristic polynomial of Msore :

((+w) -X]( + 1 - w - x) - w = (A)

Solving it :

X = (t-w)+w)+
Remark: · Adjustingw gives different eigenvalues and different PCMsor)
· Put W = 1 (G-S)

,
y = 0

, 1 = to
· Choose W such that ( &A) has a repeated root. . That is,

4(1 - w) + = 0 = w = 1, 002512579

Then :

X = (1-w)+ = (1 -w) - 2 (l- w) = w - 1 = 0 , 002512579

p(Mj) = 0 .
1

, P(Ma-s) = 0 . 01
, P(Msor) = 0

. 002512579



Remark: For some special matrix , optimal w can be

explicitly found ,


