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1. Solve the following ODE using method of integrating factor

1
y +—y—sin(z) =0, x>0
T

“S

with condition y(§) = —

Solution:
/ 1 .
y + —y—sin(z) =0
x

1
y' + —y = sin(z)
X

Let M(x) = elso 345 = elna—inSo — =
So

d(‘]\{i(;)y) = M(x) <y/ + J}:y) = M(z)sin(z) = Siosin(:c)
z T . 1 .
M(z)y=—y= / —sin(x)dx = —(—zcos(x) + sin(z) + C)
So So So
y = —cos(x) + sin(x) + ¢
T x
Substituting the initial condition,
in (T 1
o0y = oy + B L O VB3 O
6 6 6 6 2 5 %
We have C = —%, and
B sin(z) 1
y = —cos(x) + - Y

2. Solve the following second order ODE using method of integrating factor
' —dy—at -2 —-1=0

with conditions y(0) = e* + e™* — 2 and y(2) = - 2.
Solution: We first solve for the general solutions. From the text, we have

y'—4y=0

for the general solutions, Then we move the 4y to the right-hand side, and multiply on both sides
by %. We have

Pydy _, dy
de?dr ~ Vdzx
which is equivalent to
d  dy., d .o
222y = 24
dx((dx) ) da:( v)
A possible solution of the above is:
dy o 2
Z7N\2 _y
(7)) =4
dy
= =42
dx Y



Using the integrating factor technique for the 1st order differential equation, we have:

y(z) = Ce?

for some constant C. Therefore, the general solution is y(z) = aje™2% + age?®.

For the equation 3’ — 4y = 22 + 2z + 1, let y,,(z) = ax?® + bx + ¢, and substitute it into the ODE,
we have

20— 4(ax® +bx+c¢) =22+ 2z +1
—daz® — 4bx —4c+2a =2 + 22+ 1

which indicates that —4a = 1, —4b = 2 and —4c¢ + 2a = 1. Thus we have a = —i, b= —% and
3
c=—2.

8
Therefore, we have y(z) = a1e™" + aze®® — Jz? — Lo — 3.

Substituting the initial conditions into the above equation, we obtain a; = e* and ag = e~ 4.

. Please show that
2w, if k=m =20

27
/ coskrcosmrzdr =<, ifk=m#0
0

0, if k#m
and that
o 0, ifk=m=0
/ sinkrsinmadr =< 7, ifk=m#0
0 0, if k£m
where m, k are non-negative integer.
Solution:
For cosine terms,
ifk=m=0,
27
/ dr =27
0
if k=m #0,
2 2
/ cos? kxdx :/ Mdm
0 0 2
1 B
=7+ o [sin2k:c](2)
=
ifk=m=0,

2 2m
/ cos kx cosmzdr = / (cos(k +m)z + cos(k — m)x)dx
0 0

2
{kimsin(k—i—m)m—i— k_lmsin(k—m)w .

S ol N

Sine terms are similar.
. Find a possible Fourier series solution to the following differential equation
=2y () +y(z) = f(2)

where x € (—L, L) and



0, if —L<x<0,
fle) =9 1
Solution:
Since the interval is (— L, L), the family of trigonometric functions used here is {(cos(2F knz), sin(2Fkz)), k €
N} Computing the Fourier Series of f,

1 [t 1
Ag = 3% J, Zdaz =57
A, = 2/0L % cos(%nx)dx
= %% sin(%nx) g =0
B, = i/OL % sin(%mc)dx
= % cos(%nx)‘OL Sl —n(L—7T1)"

1 > 2 o
- — E  C  sin(=2n+1
9(@) = 5F +n:O 2n+ 1)Lx sin( 7 (2n +1)z)

According to the Fourier expansion form of f(x), we suppose that

') o
y(x) = ap + Z bont1 SIH(Z(QTL + 1)x)

n=0

By differentiating and comparing the fourier coeflicients termwisely, we have

[2 (n(2nL+ 1))2 o

. Solve the following PDE using Fourier series

1
ayg = -7,

2L

b 2
T Qn+ 1)L

Ut — 2 = Ugyy, O0<z<2mt>0
Uz (£,0) = —2 = Uy, (¢, 27), t>0
u(0,z) = x — 22, 0<z<2m

Solution:
Following the hint, we construct a function f(x) such that f”’(x) = —2, and a natural choice is

fla) = a2
Next, we suppose u(t,z) = —z2+ag(t)+> nr | an(t) cos(nz)+ o, by(t) sin(nz). By the boundary
condition of the second derivative, a,(t) = 0 for the terms n > 1.

Then, after differentiating u(t, x) termwisely, we have
b (t) = —n?ba(t), ap(t) =0

implying that ag(t) is a constant function.

With an initial condition —z? + ag(0) + Y2, b,(0)sin(nz) = = — 2, we can compute the sine



series of f(x) =z on [0, 27]

1 2m
ao(0) = ﬁ/ xdr =7
0
1 27
bn(0) = — x sin(nz)dx
T Jo
1 /-1 - T
== < cos(nm)x’é —/ cos(nac)dx)
™ n 0 n
_ 2
n

Last, solving ODE b/, (t) = —n?b,,(t), with b, (0) = —2, we have

— 2 _.»
t, — _ 2 _ a2 —nt g
u(t, x) x+ T+ ng,l e sin(nx)

. Let f be a 2m-periodic function and f(t) = sinh(t) = et?_t for t € (—m, ), then find the real
Fourier series and prove that

Solution:
Since f(x) is odd, its Fourier series expansion only contains sine terms, and

1 T x _ ,—x
by, = f/ isin(nm)dm

) . 2
1 T T _eTE einw _ e—inm
- E/_w 2 T
_ i 1 e(lJrnz)w T 1 e(nzfl)m 7T 1 e(lfnz)a: T 1 —(ni+1l)z |7
i \ 1+ ni - ni—1 T l—m - —(ni+1) -
_ 1 (71)71 T -7 (71)71 - T (71)n T —T (71)”‘ —T T
_47ri(1+ni( S e )= T )T i) )
(-1)n"12n |
_ ) sinh(7)
Therefore,
2sinh(7) o= (—1)*1k
sinh(z) = SH; () Z ( T _3_ 2 sin(kz), for x € (—m,m)

k=1

substitute x = 1 into the expansion, we prove the equation.



