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Please show your answer in detail.

1. Solve the following ODE using method of integrating factor

y′ +
1

x
y − sin(x) = 0, x > 0

with condition y(π
6
) = −

√
3
2
.

2. Solve the following second order ODE using method of integrating factor

y′′ − 4y − x2 − 2x− 1 = 0

with conditions y(0) = e4 + e−4 − 3
8
and y(2) = −3

8
.

3. Please show that ∫ 2π

0

cos kx cosmxdx =


2π, if k = m = 0

π, if k = m ̸= 0

0, if k ̸= m

and that ∫ 2π

0

sin kx sinmxdx =


0, if k = m = 0

π, if k = m ̸= 0

0, if k ̸= m

where m, k are non-negative integer.

4. Find a possible Fourier series solution to the following differential equation

−2y′′(x) + y(x) = f(x)

where x ∈ (−L,L) and

f(x) =

 0, if − L < x < 0,

1

L
, if 0 ≤ x < L

5. Solve the following PDE using Fourier series
ut − 2 = uxx, 0 < x < 2π, t > 0

uxx(t, 0) = −2 = uxx(t, 2π), t > 0

u(0, x) = x− x2, 0 < x < 2π

Hint: in the class, the strategy to solve homogeneous type PDE is to assume u(t, x) =∑
fn(t)gn(x), here a good try is to add one more term f(t) or g(x) to eliminate the

effect of the constant term 2 in the PDE.
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6. Let f be a 2π-periodic function and f(t) = sinh(t) = et−e−t

2
for t ∈ (−π, π), then find

the real Fourier series and prove that

sinh(1)

sinh(π)
=

2

π

∞∑
k=1

(−1)k−1k

k2 + 1
sin(k)
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