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MATH 2060A Mathematical Analysis II
2024-25 Term 1
Suggested Solution to Homework 5

Consider the function h defined by h(z) := z+1 for x € [0, 1] rational, and h(z) := 0 for = € [0, 1]
irrational. Show that h is not Riemann integrable.

Solution. By the density of rational and irrational numbers,

sup h(z) =b+1, and inf h(z) =0.

a<z<b asz<b

For any partition P: 0 =2p < 21 < --- < x, = 1, we have

n

U(h,P) = (i + (@i —2i1) = Y (i —2i1) = 1,
=1

i=1
and "
L(h,P) = (0)(x; — ;1) =0
i=1
Thus —
1 1
/ h=0<1< / h.
Jo_ 0
Therefore h is not Riemann integrable. 0

Suppose that f is continuous on [a, b], that f(z) > 0 for all z € [a,b] and that fabf = 0. Prove
that f(z) =0 for all x € [a, b].

Solution. Suppose f(zg) > 0 for some zy € [a,b]. By the continuity of f, there is a nondegen-
erate subinterval [c,d] C [a, b] such that z¢ € [¢,d] and f(x) > f(z0)/2 for all x € [¢,d]. Now if
P is a partition of [a,b] with [c, d] as a subinterval, we have

0=/:f=/:f2m>o,

which is a contradiction. Therefore, f(z) = 0 for all x € [a, b]. O

L(f,P) > f<;o)(d—c) = m > 0.

Since ff f =0, we have

Show that the continuity hypothesis in the preceding exercise cannot be dropped.

1 ifz=0

Solution. Consider the function f : [0,1] — R defined by f(x) =
0 fo<z<1.

Clearly f is not continuous at 0.

For any partition P: 0 =xp < x1 < --- < x, = 1, we have

U(f, P) = (1)(%1 — xo) + Z(O)(ZL’Z — xi_l) =21,
k=2



and
n

L(f,P) =) (0)(x; — i-1) = 0.

k=1

[

1
Therefore f is Riemann integrable on [0, 1] with / f =0. However, f(0) =1# 0.
0

Thus



