MATH 2060A Mathematical Analysis II
2024-25 Term 1
Suggested Solution to Homework 4

6.4-10 Let h(z) = e /2" for z # 0 and h(0) := 0. Show that A (0) = 0 for all n € N. Conclude
that the remainder term in Taylor’s Theorem for zg = 0 does not converge to zero as n — oo for

x #0.

Solution. First, we show that lin% h(z)/z* = 0 for any k € N. By successive application of
z—
L’Hospital’s Rule,
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Let y = 1/22. Then y — +oo as  — 0. Hence, for any &k € N,
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Next, we calculate h(™(z) for z # 0. Clearly h(z) = e~1/** is infinitely differentiable for z # 0.

By applying Leibniz’s rule to h'(z) = I% —1/a* =

h<n+1><x>—i<2> <fs>(w) W (@) = no @(—1)"’“%“’“(@ (35)
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e m%h(x), we have

for any = # 0 and integer n > 0.
Now, we prove by induction on n that
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(ii) A (0) = 0.

for any m € N;

The case n = 0 follows immediately from (x). Suppose (i) and (ii) are true for n. Then (xx) gives
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Moreover,
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This completes the induction.

Finally, the remainder term in Taylor’s Theorem is given by

" pk)
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and so lim R, (z) = h(z) # 0 for z # 0. O
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6.4-15 Let f be continuous on [a,b] and assume that the second derivative f” exists on (a,b). Suppose
that the graph of f and the line segment joining the points (a, f(a)) and (b, f(b)) intersect at a
point (zo, f(zo)) where a < zg < b. Show that there exists a point ¢ € (a,b) such that f”(c) = 0.

Solution. Applying the Mean Value Theorem to f on [a, x|, there exists ¢; € (a, () such that

f(z0) — f(a)

o —a

= f'(c1).
Applying the Mean Value Theorem to f on [xg,b], there exists c2 € (z¢,b) such that
f(b) — f(x0))

b—l‘o

= f'(ca).

By the assumption, the line segment joining (a, f(a)) and (z, f(z¢)) has the same slope as the
line segment joining (xg, f(xo)) and (b, (b)), thus
f,(cl) _ f(l'o) - f(a) _ f(b) - f(x(])) _ f,(CZ)-

To—a b—xo

Note a < ¢1 < ¢g < b. Since f” exists on (a,b), we have that f’ is continuous and differentiable
on [c1,c2]. By the Mean Value Theorem again, there exists ¢ € (¢1,¢2) C (a,b) such that

f'(c2) = f'(e1)

C2 —C

"(c)= =0.



