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6.3-2 In addition to the supposition of the preceding exercise, let g(x) > 0 for x ∈ [a, b], x 6= c. If

A > 0 and B = 0, prove that we must have lim
x→c

f(x)/g(x) =∞. If A < 0 and B = 0, prove that

we must have lim
x→c

f(x)/g(x) = −∞.

Solution. Suppose A > 0 and B = 0. Let α > 0. By the assumption, there exists δ > 0 such

that for all x ∈ [a, b] ∩ Vδ(c)\{c}, we have

f(x) > A/2 > 0, and 0 < g(x) <
A/2

α
,

which implies that
f(x)

g(x)
> α.

Therefore lim
x→c

f(x)/g(x) =∞.

If A < 0 and B = 0, the limit follows from above by considering −f .

6.3-5 Let f(x) := x2 sin(1/x) for x 6= 0, let f(0) := 0, and let g(x) := sinx for x ∈ R. Show that

lim
x→0

f(x)/g(x) = 0 but lim
x→0

f ′(x)/g′(x) does not exist.

Solution. Note that, for x 6= 0,∣∣∣∣f(x)g(x)

∣∣∣∣ = |x| |sin(1/x)| ∣∣∣ x

sinx

∣∣∣ ≤ |x|.
It then follows from Squeeze theorem that lim

x→0
f(x)/g(x) = 0.

On the other hand, lim
x→0

f ′(x)/g′(x) = lim
x→0

2x sin(1/x)−cos(1/x)
cosx does not exist by applying sequential

criterion to the sequences (xn), (yn), where

xn :=
1

2nπ
and yn :=

1

(2n+ 1)π
.

6.4-4 Show that if x > 0, then 1 + 1
2x−

1
8x

2 ≤
√
1 + x ≤ 1 + 1

2x.

Solution. Let f(x) =
√
1 + x. Then, for any x > −1,

f ′(x) =
1

2
√
1 + x

, f ′′(x) = − 1

4(1 + x)3/2
, f ′′′(x) =

3

8(1 + x)5/2
.

Fix x > 0. By Taylor’s Theorem, there exists c1 ∈ (0, x) such that

f(x) = f(0) + f ′(0)(x− 0) +
f ′′(c1)

2!
(x− 0)2

= 1 +
1

2
x− 1

8(1 + c1)3/2
x2.



Since − 1
8(1+c1)3/2

x2 < 0, we have
√
1 + x ≤ 1 + 1

2x.

Similarly, there exists c2 ∈ (0, x) such that

f(x) = f(0) + f ′(0)(x− 0) +
f ′′(0)

2!
(x− 0)2 +

f ′′′(c2)

3!
(x− 0)3

= 1 +
1

2
x− 1

8
x2 +

1

16(1 + c2)5/2
x3.

Since 1
16(1+c2)5/2

x3 > 0, we have 1 + 1
2x−

1
8x

2 ≤
√
1 + x.


