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Suggested Solution to Homework 1

6.1-4 Let f : R→ R be defined by f(x) := x2 for x rational, f(x) := 0 for x irrational. Show that f is

differentiable at x = 0, and find f ′(0).

Solution. Note that

f(x)− f(0)

x− 0
=

{
x2−0
x = x if x ∈ Q\{0},

0−0
x = 0 if x ∈ R\Q.

So, ∣∣∣∣f(x)− f(0)

x− 0

∣∣∣∣ ≤ |x| for any x ∈ R\{0}.

Since lim
x→0
|x| = 0, it follows from the Squeeze Theorem that lim

x→0

f(x)−f(0)
x−0 = 0. Therefore f is

differentiable at x = 0 and f ′(0) = 0.

6.1-10 Let g : R → R be defined by g(x) := x2 sin(1/x2) for x 6= 0, and g(0) := 0. Show that g is

differentiable for all x ∈ R. Also show that the derivative g′ is not bounded on the interval

[−1, 1].

Solution. If we use the fact that D sinx = cosx for all x ∈ R and apply the Product Rule

6.1.3(c) and the Chain Rule 6.1.6, we obtain

g′(x) = 2x sin(1/x2)− 2x−1 cos(1/x2) for x 6= 0.

If x = 0, the definition of derivative yields

g′(0) = lim
x→0

g(x)− g(0)

x− 0
= lim

x→0

x2 sin(1/x2)

x
= lim

x→0
x sin(1/x2) = 0,

where Squeeze Theorem is applied in the last step.

Let xn := 1√
2nπ
∈ [−1, 1] for n ∈ N. Then

g′(xn) = −2
√

2nπ → −∞ as n→∞.

Hence g′ is not bounded on the interval [−1, 1].

6.2-7 Use the Mean Value Theorem to prove that (x− 1)/x < lnx < x− 1 for x > 1. [H int: Use that

fact that D lnx = 1/x for x > 0.]

Solution. Let f(t) = ln t. Fix x > 1. Then f is continuous on [1, x] and differentiable on (1, x)

with f ′(t) = 1/t. By Mean Value Theorem, there exists c ∈ (1, x) such that

f(x)− f(1)

x− 1
= f ′(c),



that is,

lnx =
x− 1

c
.

Since 1 < c < x, it follows that 1/x < 1/c < 1, and hence

x− 1

x
< lnx < x− 1.


