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Suppose X, ~ N (,uk,ai), Lk, 0k convergent, and X, — X in L2, Show X
is a normal random variable with E[X] = lim zux and Var(X) = lim o2.

Solution:
We claim that X, — X in L? implies X, — X in L. We accept this for
now.

Fix t € R and k € N, consider the characteristic function:
E |:’eith _ eitX‘Z] < °E [|Xk _ X|2]
— 0 as kK — oo.

It follows from the fact: Vx,y € R,a € R:

. . y . y
|e'ay—e'aX|:|/ iae"’sds|§|a|/ 1ds < |ally — x|
X X
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Therefore, ek — €™ in IL2. By the claim, ™ — e in L. Then
E(eith) . E(eitX) < E(|eith . eitX’) -0

Hence, X is normal as characteristic function uniquely identifies
distributions. Moreover, the characteristic functions of X coincides with
limit of that of X)'s. By continuity, we then deduce E(X) = lim iy and
Var(X) = limo3.

The claim can be proven by Jensen's inequality or Cauchy-Schwarz
inequality.

E(| Xk = X]) = E(y/ [ Xk = X]?)

< VE(IXi = X[?)

— 0 as kK — oo.
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Binomial Tree Models

Consider the following problem.
Suppose we target on a stock whose price is Sy, t = 0, 1. t represents the
time. Now we are at time t = 0, and we can observe the stock price Sp.
At time t = 1, it has two possibilities of moving to either S; = Sou or
51 = Spd for some u > 1 and 0 < d < 1 with probability pand 1 — p
respectively. Suppose we have an option whose underlying asset is the
stock maturing at t = 1 with strike K. How can we find the option price f
at time t = 07

Sou, 1y

/
So, f
\)
2)
Sod, fq
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Binomial tree Models

Why do we want to compute the option price at time t = 07

Suppose you are a product manager of some securities company. A
customer came to your company and ask for a large amount of product of
this kind of options for hedging reason. You are asked to price this option
such that there is no bad guys who can earn for sure from your product.
How do we do that? You cannot foresee S; because you don’t have
Doraemon.

So the problem becomes TO PRICE THE OPTION SUCH THAT THERE
IS NO ARBITRAGE OPPORTUNITIES.

Otherwise, if the option is not well priced, then we can find a replicating
portfolio that replicates the true value of the option. And a profit can be
realized from the spread of values for sure.
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Binomial Tree Models

We consider two portfolios with initial wealth x = f.

@ Long ¢p stock and put x — ¢9Sg cash in the bank with discrete
compound rate r

@ Long 1 options
Then, then values of the portfolios are

M1(0) = (x — ¢0S0) + oS0

My(T) = (x — #0S0)(1 + rT) + ¢poSou  if stock price move upwards
nee (x — @0S0)(1 + rT) + ¢poSod if stock price move downwards

and we have
My(0) =~

f,  if stock price move upwards
My(T) = { p p

fy  if stock price move downwards
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Binomial Tree Models

Can we choose ¢ such that My(7) = MNy(T) and M;(0) = My(0) ?
Yes, it suffices to solve
x=f

(F = ¢0So) (L + rT) + doSou = f,

(f — qboso)(l + rT) + qbosod = fy.
Solve it, we have

o fu — fd

b0 = So(u—d)
f=x=(1+rT)" (s — ¢oSo(u— (1+rT)))
= (1+rT) Yaf, + (1 — 9)fy),

where
(1+rT)—d

u—d
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Binomial Tree Models

If g € (0,1), it defines a probability measure Q (totally unrelated to p)
that,

{@[ST = Su] =Qlfr=f]=gq
Q[ST = Sod] =Q[fr =f4]=1—gq.

Then, we have

f=@1+rT)'EYfr] =) fi x Qlf = f]
fi

Note that we do Not necessarily have
p:=P(5r = Sou) =gq.

If this is the case, we call it risk neutral world. Q is called Equivalent
(Local) Martingale Measure (E(L)MM).
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Binomial Tree Models

@ we call r is a discrete compound rate if we only compound the
interest on each time periods. For example, starting at t = 0, we
compound the interest at t = At,2At, ... and the interest values
(14 rAt)t (1 + rAt)?, ..

@ we call r a continuous compound rate if we continuously compound
the interest on all t > 0. At any t > 0, the interest values e'.

@ We take the example in the previous slide, one can observe
EQ[(1 + rT) " 'S7]o(S0)] = So or E¥[e™"7 S7|0(So)] = So

which tells you the DISCOUNTED value of stock price is a " discrete
martingale” under Q (rigorous justification is needed). Similarly, one
can deduce the DISCOUNTED (whatever which method you
compound) option price is a "discrete martingale” under Q. This is
the reason why Q is also called E(L)MM.
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Binomial Tree Models

Given the current price of the underlying stock, S(0) = 20. The stock
price goes up and down by u = 1.2 and d = 0.67,respectively. The one
period risk-free interest rate is 10%.

a) Price a one period European call option with exercise price K = 20.
Consider the continuous compound case.

b) Price a two period European call option with exercise price K = 20 in
the tree. Consider the discrete compound case.

c) Price a two period European put option with exercise price K = 20 in
the tree. Consider the continuous compound case.

d) Consider (c), suppose the put option is American. What is its price?

v

Y!I SHEN (CUHK) MATH 4210 Tutorial 2 17 September, 2024 10 /20



Binomial Tree Models

a)
Q@ S(0)=20,u=1.2,d=0.67,r=0.1
Q S(0)u=124, 5(0)d =13.4
Q@ g=<-9~082,1-q~0.18
0 f,=(S(O0)u—K)t =4, f,=(S5(0)d—K)t =0
Q@ f=e"T(qf, +(1—q)fy) ~ e 01(0.82 x 4) = 2.9744
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Binomial Tree Models

2
Sou?, fuu

50 ud y fud

50 ud 9 fdu

/ e
So, f
Sod,

A

Sod?, fua
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Binomial Tree Models

Sou? =
/ 28.8
Sou

Soud =
16.08

Sodu =

50 ) /
\ / 16.08
Sod
13.4
\ Sod2 =
8.978

v
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Binomial Tree Models

fuu =

f/fu
~_

AWA

fad =
0

v
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Binomial Tree Models

Compared with question (a), we use the discrete compound method, then
in this case we should compute the EMM again:
(1+rAt)—d

=~  ~08l,1-g~0.1
q T 0.81, g~ 0.19

According to the property of discounted price, if we are at the case
51 = U50.'
fu=(1+rAt) (g fuu+ (1 — q) * f,q) ~ 6.48

Remark: it can be written as

(14 rAt)71f, = EQ[(1 + rAt)2h|o(So, S1)].

Similarly, we compute f; = 0. Using fy and f,, we re-use the formula again
to get f:

f=004rAt) Ygxf,+ (1 —q)*fy) =477
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Binomial Tree Models

v
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Binomial Tree Models

From the tree in the previous slide, one should be aware that we always do
a backward computation. For those who are interested, it is good to redo
question (b) in a continuous compound case. And you will notice that the
solution are "almost” the same between these two cases. The reason is
that the continuous compound mode is derived as a limit of discrete
compound:

lim (14 )™ = e
n—o00 n
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Binomial Tree Models

Paa =
11.02

v
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Binomial Tree Models

/ 0
0 634(\
Pud -
3.92
1 231
Pdu -
/ 3.92
Py =
4.6968\
Pag =
11.022

v
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Binomial Tree Models

One can see that (similar result holds for discrete compound case)

Proposition

f=e 28 q?f, +2q(1 — q)fug + (1 — q)?fyq) for a 2 period European
option with period continuous compounding interest rate r.

One can also deduce from induction that

Proposition

n
f— e nrAt Z Cl_nql(l . q)nflfu’_dnﬂ_ _ fnrAtEQ[ant]
i=0
for an n period European option with period continuous compounding
interest rate r.

What's the relation between European call and put with same settings?
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