MATH 3030 ALGEBRA T
Lec;'\'vu‘e, 7

Factorzation in  (ommutative NAQAS
A-X

AS \:e.""of‘e., R 1 a\w¢7; A nonzero (ommutatye n'nj.

_.D_Qf_ : Le't %,LGR. We g"/ o divides ‘o <J\mouo\ \7 A\L)
'\{: AceR cx. b=ac |n i st , a is colled «
M (or 'Q'M‘toA o‘(; \c and \: is called a w\vn\'l'i?\e_ a& .

We Wt A,\/L when a4 does st divide L
\% a=bc and nether b nor ¢ is a unk of R, then we

SA)/ L (%V\A c) $ a _?ro?u {‘Ac_‘tor a’Q o .




I‘D_e_f_'- wo e,(e_m.e.r\‘ts a,LéR ace colled associates in R (clzno'ta.c(
\oy auv\o) f‘(: alb and bla

g“"_\(f'- DT\N\S o\e:(:"\nes an e_o(u'\Va\e,hc,O_ relation on R,
2) ¥ R is an \’r\hﬂr‘a\ doraain, then a~b "T‘% Aue R (uat)

st a= \DUL_
\'\e('e_ Come Two important COV\UI/?TS:
beg: Lt ot ae R whidh 6 ot a wnit. We sy that

. a s ireducible % W Aas no propec factors.
2. a s ¥rimoz_ '& VL,CG.R, a\\\oc_ = a\b or @\C-,
EXanmp\G o n Z,  irceduskle = prAmE

\nZy, 2 3 pime but not irceducile dnce 2224
(So ‘Fb\’ 5@00«(0\\ Commutative Y{h‘ﬁs/ “‘Mr"\me_*? ;ma\uc.i\a\e_”_>




&2_]2 ln terms & Fﬁnci‘:m\ idesls, we hove
D 0‘\‘0 7« <L> < La>
2) a~b it <a> =<bk>

D weR s =r
4) 2€R T prime B D T a prime ideal
5) For an ictegrd  domain D,
aeD s irreduclw r@ LS T moxima) aMor\3 the propec

| \w‘mo‘\?a»\ deals
‘ﬁ : \:'or D , note +th ot A \ \o =) . & <¢\> & <L>> < <A>/-
2) (‘b“ows ‘Gwm \3 ; 3) <\- 4-3 '('v\\ow ‘E‘v-om Ac%\r\'d'\'or\s J; ?mv. weswlts |

Chow )



To vaQ 5), S\~‘>Po$€_ a€D is irreduwclle. Then
<a>§<‘o> <D &© \o\aL and aXb
&S dceD st a=bc c‘— C & 'Dx
= LeD
So <> is maxinal amor\3 ?v’\nc,\?a\ ideals.
Com/use\7-, Suppose oY s raximal amar\3 pAincipal ideals.
\‘(‘ 0\=\oc_ , t\~en <a>C<‘o>C'D and o> < LS D
For ‘e Lormer Cate mox'\mo\\'\'t')/ Imr\\“es ether <0\> =<\9>
o <b>=D . ¥ <>=D , then bLe D and we are done .
£ EO=<b>  then a~b = cel and we a<e dond.

Sim\\ar au—aSA«\U\tS afP\7 ’FDF‘ .o \a‘eu..r' Cese.,
oh\7 f\au. Jwere wWe need ) be «n (v\ta.oy'vs\ domain



Poop | S that D 1 el domain. TTh :
P V\-r ole A \S aAan \a gy} oMaonn . en eve me_
1S ‘;rre duweibla . 7 P

2. § D s a PID, then pime = irreducide .
P_{'_= . Let 2acD be a prima . Suppese that  a=bc.
Thea alb o alc. " Disa domain
b = b=ar = a= arc t) re=) = ce®

g’m’-\%f\y, a\C = \96 Rx. He.ncJL. A 8 rredacible .

2. §uﬂ>ose, tat a s an ineduckle in a PID D.
87 5) in prev. prop., {&> & a mexmal ideal in D.
\n Fw-frc.m\w, {a> 5 o prma Tdeal
and henc a is prime. O



EMN,,\L

Z[ﬁl-"; { a+bd-5 \AILG—ZX S an 'm‘\'2_3r‘a\ domain as 't s
A S(A‘ok(n? ‘D‘Q Q
However, 3 15 irreducle <we.’\\ 2 how to Dnow Hhs \a’ﬁ-r‘)

Jile 3|9 =GFE)GE-F) ¢ 3y @:lF)

= SQ—Z\__I-_S—S 'S ok prime.
Henu_ " Sa\w\ , even ‘GOr 'm‘teﬁros\ domains ,”'\vre_Awl\g\L %@ 'rv;vvxl’.,



UFD

gei- : An Yf\v’:)m\ Aomm:f\ -D 1< CA\\C:.\ A ML%%& &ac_for"\Zﬂiﬂgn alchr\adn
(UFD) &
\. EV@?/ A éD\(Dxu foj) s o ?Y'Oo\vxct O'Q ireed lAc‘\\o\nS (Ex'\S'\'ar\UL_>

2. gwﬂ:osz. €\, Co--Cpo=ara= 8,9, A, are two Fnctorizations s& A

inte treduwcitls. Thea nem  and wp to A re,or-Ae_n‘naA_ st
{—ac_-(—org , C‘.l ~ A; 'Q'D( :l = \, .- " . (Ul’\.‘\jVLQJ\QSSB

F)wm‘e\e.s . Z s a UFD

. Z—Y_\Itgl is st a UFD+ 2-3 = é = Q+E>(\- E)
(Lat'kef', ue_’\\ cee theat 2, 3/ l‘iﬁ A ‘urre_o(A«o'\L\.o_.S [Ta) Z[\FE]B
Rm\( n a UFD/ wrreducible = ?ﬁme.



Our 3oa~\ is to show Tthat every PI®D i« o UFD,
Lewma: Lot D be « PID Let

o> La> <. ...
LC AN Asanal?r\3 c\r\a'-f\ 0% iAe_osk n b —TThen ’3h€2+
. La;d>=<a.> YV iz n

Rmk 1 _nr\".s Fro?u-t7 8 called the ASC.OJ\A'"'\3 hain  CondHtions ‘(‘or
?Y\'lea\ .\CLQ.G\S (ACC_PT-)/ ﬂ-f\A ) Sa{:\S{\.QA \@7 A UFD(W\I\)IZ. )
—P_‘(_- : NO’U— that, L= Ui <42 s an tdeal in D

St D s a P T=<bS for some \péb
B\/:L \)el = \96 <a¢\> '("OV‘ SomZL NC Z+ .

So for izn, b= <S> = <Aad>aT=<b>
= <La;>=<a.> Y i3n, e




"_M_“_ E\/e?/ PID s oo VUFD.

PE : (Bxistence) Let aeDN(T0{o)).
{\Ar?cge_ 'ﬁ'\/\at, A 1S Nnst. an :ﬂ‘LAwd\\o\L.T\r\zn
A= a.b‘

N\nm a‘,b,eD\(Dxu(oj) So we \r\au—c_
<L A> i <“|>.

]'@ (7 (or \>D S an '\rv'zAdeLL_, We s'(oF. Otherwise
A, = 42‘02

N\nm a,,b, € DAE (=9 So we \r\au{_
LAy % <a-|> EE <az7.



Cor\'\'tnu.'\n3 '\'\(\Q_ Same ch_e_ss, we w’.\\ e_'d'\ne_r 9& an
\VY‘QAwd\u.L ARn A‘\V'\A'\'(\a A o oA S"ﬁc‘\’\y OLSCM\A;r\j c,\na:\r\

of Tdeals la> < <a> ¢ <a>g .
_(\r\e_ ka«'&f condition 1S '\M\€°S&'\L\ﬂ_ \,7 the AC_CP-S_

\'\an—L/ 'be' 0\'\7 a ‘D\(DxU{OSB WL\TcJ,\ s nstC -‘FQAM'\L\’\/
3 on 'u’(‘e,AU\U-\\okL. F.€.D st.
o= f,b,_

Agpin we lnave o> g <bi>,

1§ by 75 not irceducille, then Tanirredualt 0,6 D
st. b=pb, (s0 that a= \>.\>z‘=z3

= (> g <b> g <b.>



Can‘finminc3, we 30;{ La> & <‘o‘> < <L2>C=F_

vhidn mMunst tcrm}v\mﬁk, \o\/ AcCcCepl, Sy X <-Ln>

Then a= pipa== Pabn & a factorization into (rredincibles
(Un]%u\,zf\zss K‘Q f'?z--- f" = A = 1‘1’_.--%,“ o~ “'.\/o "gac_‘('or{z_—:hons

U" QQ-D\(DXU&,SB i~k '\rr‘z_AvdekLS LNLon ASSUMNL N> h)/

= Pl g
Bk trredecclles  are ?vxmc.s in & TID S,

<o f'\ %3 Aor some ée{\,...lm}_
UF "('o o Vuﬂw&'a\'ﬁon we Can agumt .A'=\ )

Then 9= P where  u©, e Dx.



So O e e T
= P Pe= W 3

NON \’z\u\ﬁsz"‘gm = Pz\‘gé for some 3632/---/"‘3 (\’*Y“\ since
P2 ¥ nsl & wnit). Uf To o ‘,umut'aﬂon We Can astumt (=2,
T\r\en 461: \)2&,_ ’G'or Some u,_é'Dx. So

I S o £ I

= Pa-"" Pn= Ua Qs %m.
Cov\-t;nw'u\j this procass , we end wp vt F+= DU for i=\,.n
ond = U UnGan = Gm

But then we must dhave wm=n cince cz,é Dx. ¥



RM\<S D \n "Ffsct e \r\aNQ. ?\r\o\lié
ACCPL = existenca, and

. Fvime_ = trredueile = \hnia‘ue_ness.

So Atooether we louve -

An '(r\‘tz_o)r‘a«\ doman O s a UFD '(@

(i) ACCPL 4olds and
Ciw) prime. = \rrrducile .

E—’“‘-""P\ﬂ} + Staee 4, FOT aee P\Ds/ -t\\07 re  UFDs-
~ZE<) s a UFD buk vt & PID.




EU\C\:ACM thf\n:tf\s

Meovre e.Xa-mF\as dQ UFDs acre %’wen \07 the —Fb\\owtnS'

DQ& Ar\ EU\C\\AQM Noryrmw\ On &~an \r\ta_p‘y*a\ J\OMA—W\ .D \S N &ur\d on

N .D\Yok — Zzo Qaf\s'(yv\
\. VYV obeD with bro, :_\a“eb ot —\g%w

N\f\ﬂl‘e_ .01\“’\/\2—(‘ =0 O©Or N(‘-) < N(k) ) divisen 3

a\aor\f‘r\m
2. ValeD\bY N@® < Ne@b)
L| An Euﬁc&ié«nﬂ éom‘r\ 1S an in‘ﬁez\\m\ domain k/ an Tuclidean nom.




Ei(ow\\‘v(QS . z M/ N<¢3==\0\\
FEY W NEY = deq T

“_Pﬁf_ EV¢J7 E\AC\:A%'\ domain 1S a -'F\D, and henc. a LFD _

Pt - g/v dvison almortthm  any ke T 1€ aenerrked \? i e\ement.
ﬂe-g. VJ\*\I\ M??\:mvu-n \f’f\:hz_ e‘Q IQ . ¥* 3

Rmk  There exist PIDs whidn are not EDs, e.q. -ZY_H-F]




Gaussian ‘l\‘tl.:\JQfS
Consider ZHi 1 = {aﬂoa \ abeZ
For sny «=atbi € ZUT, Jebine N()= a+b
“Erzfl p/AER! equipped W/ N T an Buclidern domain
P_i - Sinee ZUV Is a4 su\aﬁn3 in €, & s an negrel demain.
Notw thet aro = NCI=1 5 NE&p=NEONE Vwp.
Se V,gro, NEOSNEONE=N(p).
Now let o=a+a,i B = L.+b,io
Let \o==N(F)= b2 b, >o. IWeite NF= C,+ Cat.




B), division "\aof"*\'\m L Z, = 06',‘%;,“.,‘"2 W/
c. = \o +
st X =% ' L

c, = ‘{,,Lﬁ s ~inere \nl< 2

Then “F = C%L + vHrere cE-.: o %,i, Co = T4 a1,

wd N()=etrt < & < L= NP
\__c‘t = (- 1F . —\-\f\u\ = 1? + wWwhere otie~ rr=o0
or  N&)< NP 3

—_[“L"(F’-Crmat> \_C'(, ‘> be an odd t»lmz_ " Z_—T\qe_n Sa,Lél
<t Pt—ae'-(- L= '\-(:G FE\(‘M"A 4)



E : (=) %‘fr‘/\ja\'\t-&ﬁ\fﬁl‘A (c,b cannst be bsth euven or bsth odd)
(&) Suppose thot p=l (nod 4)
Now Zg & opdic 4 4|G-0=\Z7)
= anéZ; withh mu\ﬂfhca'&{uz_ order 4.
So n=-| (rod @, e, \>\ nt |\ in Z

\n Z07
‘>\ ntl =(nei) (n-3D.

This imr\fe_s th -t F s reduclle in Z[A v\ CQ \D,V nti.

Henca P = (a+ o) (c+dV) W ZGD NCG\;*VD /‘/“(C* di)
\N‘r\u-e, o+ bl , Ctdi aree nst uns, go o ‘oz/ =t Az>l
= \):. = (af'{- L"}(c"-\- a ) ﬂ xeZL7) is a unit

2 {2 2 (2 &S NEOD)=1 since N
= F = a +‘° = c 4+d. -_-l:\: X< mm\fif\?cdt;ui-



Anctar Lxﬁ-w\‘o\.vz_
Consider ZIB1= {a+b¥B\a,LeZ T This s an el domnia.
For o = a+\o‘[-\562u:_51/ \et_ N<°‘3 = ot E\:_ Then

g N&)=o & «=o

N (o= NGO N 4 o, p<ZLFSL

Hence, x€ZTFEY s oo wnt &< N =\ < w==%\,
Noew [2:3=C=0+FE)O-FB | in ZTFEL.
3 1S :N‘du‘o'\u.v_ : Sw\?‘:ose_ 3=°(F \Jr\ue. de« d,P ovre. non—-wnis,

Then 0\=N(s)=N(°<)N(F) = NEO=NE =3,

Bv& a&+5\;=5 ‘e\aS no $o\\,\i'\'om N _l. (0:_53(&1\-99\5) ‘e\d

ne S‘Q\v\"\':ef\s) .

g‘\m-.\ﬂ\/, 2, \ilts o A\\ \'.'fr'e_olv\c.dekﬂ.&/ ond 3 A |t 5.
Seo ZU?S-S % not o UFD.




A theorem X Css
Let D be & UFD. Concdor the pelnomial aﬂ3 DG
Dé‘_ For 0o#f{= a,+ax+.+« a.x €& DET  we Adebine. Wt Contant
d & (doroted by <) +\e ged(ao,ay, 0D (wlidh 7 well-
defined wp to multplication by waits).

_Lo__mm (66‘*‘5/ \__Qw“a-) Lé‘t D be a UFD . Then the Ym)‘v\c‘t D“V two
\>v§m‘\'t'\v¢_ "Do\;rnom: o\k A NDYX-_\ Cemoans ?rim.n‘\'\'vz_.

(0@

_Fﬁ et '{'(ﬂ = Ao+ aX 4.t ax , (x) = bt bx +..+ b_x
\oc, Pv‘\n{.ﬁvc " ‘DCxl _



Let p be an ivedialde in D.
A, s sk g F\ a, He- i<r & f)( a,
f\\°§ for §<s 4 f’\'L.s
Now the coefficien K X in RhGD=£60 90> “iven “7
= (Rl ot ap L)+ b + (am\o et A b2
diicle by p A;g“‘w Sieilda by o
=5 PX Ceus. H

_\—_-_eﬂ"_\ﬁ"_ \_Q-'t = LQ— ~ '%6\6\ 0(' 1«;«7‘(?@({3 o’% ~D, and ‘G(x)ebt"l._ﬂr\zn
(i) 'G(X> 15 rredualde in b["]% f6d € also irreducilde in FLAD.

)46 T prmitive in DB 4 ireducille i FIAY = 46) T imedncMa tn DL



_Pi: (—‘) gvsrfo%(. that ‘Q(XB eb{*} ‘QaCforS info lower~ c\g_gre_q__ ?‘O\)«M'N\:’\\S
in F’[K—B : % = %,?’\ ) %,‘?‘\é FE‘-S

B)l c\e_aﬁr\3 o\enominotor's, we &mz_

at = 3.—&‘ for some deD 4 %,,Q\.e L}
We can wnte {____._(_'_?, 9= Cn%z,&F C,‘e\,_
vheee c.,c,,;::e'D and '-f-,ﬂ,,{u are ?v‘\mi-ﬁve_ w DIx3
Then dcl = C.Czc‘);e\,__Taktr\B Coitents on both tides, we
hove  de~cicy. Rence FueD st c¢,=ude.
= L =uc ay&z, \n ?Miw\m‘, £ s reducdae in DIFD.

G) £ 15 redwcllad EY‘M“‘:‘VQ- in D1 = 3%,& W/ 5-9-334%3‘&<1m3{
SAK. ‘?=g¥\ = £ ¥ redeclle W FOL. 3



" T_hh_l_(é\av\SS> \‘(‘ L s oA UFD,*\'\zn .DY"-L i A LD,

P« (Existence) Let o#fe DRI, i degf=0, then feD\{ol. St
D% a UFD, ether £eD o £ factonzes into o product.
of irreducibles - But treducHes (e D ae trreducilas DL
Lo assume Azg'@é\. Wete £ as )€, whee &, 5 prmitie
B cuffices to showw Hhot £, €actors inte o FmAV\dc_ & irreduclda.
Let F Le & B4 OQ' a‘ua't\lu\’cs & D. szmz\ €, e FU<T.

Snce BV 16 o PID and hence & VFD

T =9 e
rhore AT N rreducildes in FLAL



- O
\l\l\f\{l— 1; = -E; F‘-
w\r\ame_ o#a.;,\o; PO\ F‘- 'S \av‘\mﬂtaa. N\ 'D(,xl
%7 C-l.\D " *\'\_Q_ A.\:OUQ_ \emmo\/ ‘>-; [t CrNAV\c\LkO. - -Dtxl
Now \:‘g',= A1 P where \9=TT,-\—.~,-, a="T;a;
Since ‘(j and Pi-- f,\ e ‘;v-inr\lﬁve, (L7 C’.\awus.s Lanma\), L)/

*Ak:nj Contant , we 30:(.

‘S:‘ = m‘:..-- \9,, where we -Dx
\—\e:\co.. ‘f‘ \S o ?mAw’-t & irceducikles  in D],

(.Uh;’k\M—’U—SSB Lt't. O*{ € 'DB‘] Le o non—undt. \‘G Az.j‘Q =0, then
un'mtugvu_ss ‘eb\\obus "'WN\ 'dr\)._ 'Qf\ct ﬂ\’*t b E o~ DF-D
So assume 4\1.3 T =\



\{— C-\-"C-r‘)\"' Vn::e = Al"“&sir-- c%m

e tuwo ’G&C.('oHZAf:o’\S °£ % W/ C\,---/ C"' Al,---, As = D
ond a\¢_3 ?-‘ . éu.j 1& =\, then

¢ )~ A
Now D o UFD = r=s and c;~ & (“r to \"—rM’*ﬂw\)
So P P = V\.i‘---im , Mé'bx _
%7 (\) o‘(‘ ALOUL \e.mwvs/ P;’Q Cl— 1;3 ote ;rmAu.c'xL(As " F[;‘l

wp fo

Now FLY &5~ UFD = n=w and pi~qs 0 T3 (3 den)
V.. EO\;IL;QD\{'D-‘S ¢.X. ai'F;—"k-'?i

[N & ,1; are gAmitive, tzkin Corlanks ain showus Wt
\’*“’1‘%" in DI<L. > #&3



“ C.ir_ \'Q -D 1S o UFDI*\’\-&'\ -DEXV..-IX,,—_S S oa UFb
PL o Note o DO, 0l = DEx a3l 4

Renk However ‘DT_X\,---,Y.\—) is net a P\D —\-or' N2 siAc
the idm\ <x\,.-., X D s nst Fﬁf\ci‘:a\\.



