MATH 3030 ALGEBRA T
Le_c:\‘u.re, 6

Tdeals

D_e&_ An akAAﬂ'{v{_ Su‘osm%r 1 O'\' o A R Sat75"§7?h3
alel rd Tbel M,LGK
s called an jdead & R.

EXM?\CS * YTor am)/ ﬁn? R, QOS <R and R<=R ace deds,
An deal -LC#_:R s called proper and

an ideal {0‘5 %XCR s called nontrvia
13 Y\Z é Z (3 ON :ALﬂ\ ‘Q‘O( ﬂny néz CanA m7 ‘\AM\ a* Z_ \S U“ this 'gbﬂn)



+ For R={functions 1:R—RY

T={4eR 4(D=cf = R & an e

S = {cons't. -Qcm "'R—-? R%C_ R S ch\ev:f\j \pvct_ \\IOT on IAw\
. Le.t R Lo & commutative n‘n3, and ae R . Then

<a>-.= {ra\fe RS
1S an (ded, called the Pﬁﬂci?a\ ideal S&vmtné %ya.

Morc_ 3&(\0"’0\“ , \Qt ACR LQ_ a none.me‘\}, sulset . _T\ne/\

A = {r\a.+...+ Fn R \ hézz->ol r-,eR, A AB
1S the deal 0J\mwa‘t9.cl \‘:7 A




\Aeo\s Al '(N\?orf‘a.n‘t be_mwge O‘Q 2 .('_D\\W-‘ﬁg._

Thm Let T€R be & sibvina.Thea the wutiplication on cotets
@-@"L)(L*T_) = ab+ L *)
s well-defined W T T an tdesl.

Cor lLet T€ R he an tded . Then Hhe oadditive cosets & 1T fvm & vinj
R/.S., caled the %M 5‘;\3 (or '("Ad'gr \'_\_ﬂ%_) o‘c R L)« 1,
‘,J\’“n “he orbraf: ons

(ax 1) + (b« D = (@sH+1
Ca*l)- (L-tl) = 0\\9 + L



Fn:F Let L€ R L an ide)l. Thern - R — R/T defnea L/
W(a) = a+ L
t$ o ‘e\am.aw\ofok:sm \'J«\f\ K&(('K)':T- .

Then (st Tsom Thm) Let g R— R’ be ~ ‘e\omeﬂef‘:"\:SM with  kernal T
Ax L ¥V ¢ ()

'S an 'iSomor?\'\(Sm s X. CP_""E?"-W"

E)(a-m?\es . Z/hz = Zn oS ﬁn3s

° R'_"{“"w\dﬁ’ons {Ra(K&/ 1a= {"'éﬁ\‘{'(")=ok where aelR
Thea R/T,=R



C,O( \_q_t F be A “"\'e\A.
O danc(B=0 ,then 2 Qe— F_
W dhac(®)= P, thea F¢: Z?L—-a =

: \ ( : or an nA w i,
E‘_& ) Consider the Mop E":\Z &E ‘(_,_-@ZL ﬁ\? %‘ow(c.
- Z o E \ 1 L — R
n o n n+— nt
_\.\I\IS 's & ‘e\omomor?\r\'\'sm, and and ke 1 =wmZ for seme
o & dha(F)=0 mEZ. When R=D 3 an
Kerl) = i ‘fz ® char(®)=¢ ;‘\'U’-j"“\ A*’M”‘;r d*w(f:ir' M:O 5
&> \11\’{5 trse, L indwees L-Qc—F chee @ s Ked o a‘uo't:m-ts? i

C;-l) \v\ -“\.ls cose , (. :AAV\.(.LS L ZYL-QF 4
&\i @/Zr ot Cn\.\zA pme ‘(‘ie\J&




Prime and Moximal tdeals

/

,I P\’\’g \_Ct R \)Q_ aﬁna. \'Q —S.QK S an (deal Cor\'ta.tnhj a wni{
then T=R_

. Suppese that wel & a unt. Se I WeR st Lu=t-wut
Sinecee L (s an deal, L=uuel B then r=ri el VYereR =

Cof‘ A NnoNnzefd Commut alive ﬁn3 s & %QU '\‘QQ iy ‘e\as no
propec nontrviel 1deds.

From now on, We westrick our aftention to nonzero commukative ﬁhgs.

let R be sudh a n‘r\g.

Dﬁ_ A Maxmal Te\m\ o'& R s & onru vdleal ,\/\QR




LQ—MMQ Le‘t ¢= R"‘" RI Le_ A ‘e\omomorrk\'Sm.T\/\cn
(1) L s an ided & R = ¢CD s an desl of }5(12)-
GO s an tdeal F BR'D £(3I) s an ides of R

\ —l\i‘_“_’.\ \_e—t R \:2, A Camw\vcknt:ve_ V\f\3 )
Then MES R 5 a moximal idesd \J& R/ M s o field.
P‘G . _(\I\.e_ albeue \_e_mmau ?tue_s a ‘o'\")ec_‘kicr\

- N T an -
. & N 3 'S an
Tdeal in R MQNQRE { bl n RAA

N — =,

p(T) «—— 3
w\nz-«—e LV R—R/M T thae ?fo:)e.c"'{on MNP .
NON -“'\,L T»\w\ '?*o\\aws 'Q\'vw\ +\'\)~ ?r'e_utows COP. #



EXAN\\‘?\Q_S v WL S (s A woximal (deal &(— n=p is & prme.

» 1= (eR1§@=0) = R={functions T-R—RS

-IS o~ MAX:MA\ tA.C.P-\.

For any feld F, x5 < XY 76 a maximal Wes) sincr tha

evolnation mop FLA— F nduwes an SomorplaTon Fl/r=F
L +— £(2)

Similady,  x=a5> € Fx3 & a waxnal tdeal for any act.

More 3m¢.rol\7 , Ssz QRi, Xy, ---, An € ,
< x|-aw X,'“:_,-~-,Xn-¢\,\> < ch‘l"'lx'\3

1S A wmeximal Tdeal:



e Consider x> < RN, and the mop R[?"lf")(.,-({-(x)k—a i)
@ T a Ang fomomergeiim with  ker ¢p = {Fe R\ (i) = §C0=0}
= Ix*\Y
Co @ induws an Tsom R /(xta> = C . Hencw &x (> Ts o
maximal Tdeal i~ RE<T .

" B&- A me“ té\eﬂ\ -S-E;'R "% A Commutelive T\‘r\g R \S @\.\ea\a\
(‘Jr‘w\c vdeal '& rdoeT = acl o LeT.

\t ‘(‘D\\ous 'EYOM t\s Ae.'('"n'\'{-:of\ theat

“ &QF_ \._Qt R \pz, O Commuative h‘.-\g it um'd'),. Thea ~ \mnorzr teal
-&;R (s ?V‘;MQ_ ]G& R/-S_ (s an :n‘t(jm\ Aema;f\_



l

Cor Euuy moximal Tdeal 1n & ommukative .,;,\3 Wit ndty U
Pwth_ deal.

Examples —* \n an inteqrl demain D, F°21SD T a pane des

S /A B , x> < JY Ts PR LRt ot woximal .

“ \n Z, we have <n> S Z s er‘m\e_
S <ﬂ>§2 'S W\aodma-\

4 n (S o ?v{mc nmlea



lAeo\S {n F[’il

E(& An 'm‘\'e_ara\ domaoin D is caled o _@Anc'.?o\ Tdea) AOM,;,,\(?‘[D)
‘nC every idesd in D T princial.

EXM¥L0= ¢ -Z 1 a P-}-D s\ an)r '\AQA\ n 1 s a{‘ ‘o 'Q'Df‘nf\ Ly
'ebf‘ Somu neZ

° A“}’ '@Te\é F S a PID S\ACR .\‘t ‘&\a-s No ?mfu* hcn‘tr\‘v\‘e.\
Teals.



| Bep FIx3 i o PID.

E_(_. : Le-t. —S.C- F‘E"I Le_ A wnontvrivial v e,

| et %(x)é'i\iO‘s be on et with  mintrnuwn  wve Aosnu._.
Ne daim that T =<L4095>

To sex this , let £ € T\loY. %7 e divison
= al(x), v(x) € FIx] <x. $G)= SICORLNCOR NS
where ether v(x)=0 € FLx\ o~ Ae%, c(x)< A-a-?_ %cx) .
Bt v(d= £ - A 90 € L as T is an tded.

D\ (1a) ,

So we must -e\a.ug, c(x)=0o, mun‘nj_ ‘=t HX)€<3(")>_
This ghows that TS LAY and fene L= LoGo>. #



Pﬂg \_et ‘G(K) GF‘:’(-.S \oz A vnonlonsant Fe\7\'\ow\ta.\ . then TFAE K
D 6D s irreduale over £ (Recll that this wmemms $(O

Coannst x>¢. weitten as the ?ﬂocku«k d% ‘wo \ou!.r‘ Agsre_q_ Ee\)ﬂnam\‘o\\o
@ <‘G(><>> s maximal .

@ <-€(x)> (4 Fv'\'mc_
ﬁ : ®%@ gurfasc, “theat ‘«X) s (rreducille over F,

Le:t, 1 \:e an  1desd o“ fol
st. 50> ¢ 1< Fixd

E}' vy ojeovl.. fvofo.s'\‘t:ov\, 1= <3(")> Lo come 3(:0@ <1
_(\\'\'s (mf\(cs ‘Wt -{-(x) = ca(x)&(x) Sor some RGO & Bx ).



But §) s icredncible. over T and 5> #E L.

So g(x) must be a nonZero constant and Has T=F,
Henu?_ DD e maximal.

@ = @ : B)/ Fre_u?ows ceswits

@'—@ @ : &A??OSC T\f\ﬂt <£(K)> XY f\RMQ

\_et -G(x)-:: gC’O VAP IR N c\e.3 9., ob.i) o < 0\23 + .

Now qhedE> D eter g€y o hedf>

WLOG, ascume %€<-?>.

T‘f\TS Iml:\'?es ‘ot %_= %-u for some we Ol

Bt then we Wove Ae«} a > Acg{‘ o whidh 18 a  contradiction. #



6.3. o =2 Ts trredwcible over &
= Q3 /¢-2> = QEL= { arblz |a, bec@)

s a fred.

i ><2+><+\ ) tﬂ"!.AwC:\LkL oV r 12_
- 'Z,_[xl/(x’-«-xﬂ) s o fHe\d (o‘(‘ ordecr 22=4-)_



