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P_‘—Eﬂ& Let G \of- A 3r~<w~‘> ‘O‘Q ord ec f“ and \0.‘(. >< \oe Aa _(‘_‘M{L
G-set. Thea 11X\ = \XG\\ (wrod F)

E\C % Su\‘)vose ‘that G-)(,/..., G- ¥, ace ﬂ\\ odots tan X vt movre taan
one e\lement. Then
X\ = \XG\ + Z_—‘ YG Gx:k

Ev\t \G\: ?" = CG"GX'.—.\EO (moé T) "GD(‘ 1=\,..., "
e resukk follows. 3



TM CCQU\C\r\)r) \_e.t P be & \av(mc. “G G s A fate ojrowe sX. ?\ \G\,
Then 3 g4€G with \gl=p.

?i : \-et X= Xcglzﬁzl"’/%")\ %{GG and %\%z"'3r=€3 )
Sine 43.---9p=2 5 g1= (5.9 Gp) , we e \X|=\el
\n ?ad-icM\m-, Fl \X\

Conc‘éu <G‘><S? N‘/\m o= <|,2’.-.,?).
Y acts on X \07

o (gD = (G 909
s s NQ\\—c\z'G'\r\ec\ YN 3 %‘%2.-.%?=Q@ ?135°"3‘=3\=Q-



15% Profﬂ' , we \have

\Xerl = Kl =0 (ed p).
te. Bl |Xeo|; in padtiadar. Xl >1
Now, Xie»=Xgy ={(q.9.--9)\gea, §=c}.
Co '3%#—'-6 sk. a§=e.
Stace p B pame, lo\=p. #
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g_y\ow —T‘neorems
'DgE LQ'( f \o( (2 ‘W'\MC. A o‘s\fbwe G is called a p—afbuj‘:_ ]'F

i

euuy element in G Has order a power ot e A gw\ojmur

S a Arowp G ¥ caled a ﬁ-suLSrvv-? f e s\a‘osmuf
i‘ﬁse\{ s a p-grovg-

C_O‘.' A ‘('Tf\'fte. 3rw‘> G.l is P—‘S’b\*\? \% \C:\\ K a ?owef o“ \:

}?‘_E : (é) *ﬁvio\\.
Lﬁ) \‘Q GL#F 1S andtiher ‘wme, AT\/?c"mv) \6\, then \7
Cancrys Thm, Jae G st. lAl=9.Sc G is nst
> Py H



_D_€& Lt <G The set

NH)={qea | gug'=n ]
[ SvJos\m\Ar st & Cymve, thls \,) , colled the normelizer Of
H W~ G

Reks « No(H)=G wF NG,
¢ NG(\'\B \S *\')Q. \arsz.st, Sw\og\f‘bwf O'Q G  whian W Nnovrmnmel .



E?'_'_‘M \'Q "\ 8 a ?-s%3m»\1> St o J\‘QA:‘U_ 3r'~ouT G |, twen
CNGH): Y =[G R (med p)

PP Lt X=1al|2eGY Then x| = [G:H1
Consider the action ot H on X \?, \e:‘;k mu\'\'(?\ICA‘ﬁof\.
Then oHe X <& ol = ol ViheH

S (AP =H  YheH

E dhaeN YheH

& AHa=H

& ae N () .
Nereo we \rove \XH\ = [NGG'\)'~ \'\__\ So e lemma  Follows from P\'"D‘?A' H#




_CL';‘: \'Q H 1S ?—$w\93mb\f c‘g' o ‘Q:\AQ'UL 3*“0\67 G sk F\ Y-G'\—\]
‘\—\'\Qf\ NGCH)# H .

E-.E - B)’ Aoove \em“""v (NG(H)H}EYGH};'O(MQA F>
\n particidar, INgED):HY>1 Therefore, Ne(M) = H. #

M(FWS{, 87\0"" T""“} Le’(, C:t \OC- o 3\—0\,\? o’(‘ o(‘Ae—r ?hw\ W-d'»\ V\>,\’ ?
a prime, ond %CAC?,W\):\,_“«\U\

\

(l) G Corfanns a S\A\oaﬁomr O‘Q o«‘Ae,.- Pi -Go( QAC\A \é’l{ﬂ . and
(2) evesy S\A\asm‘/\-r < G b order ?{ (i<n) s vormal In some

&w\oo.)r'vwf o'& ocher ?;“.




Fj: (\) By C.m,\c)n)/s —\-\r\m, G; Contening  ou S'Aoﬂm“f °SY orker ?

\I\JQ. ?‘(OC_Q_Q_A 5! nSwction MA ASSwN "\‘\f\n‘t \-\<6 € o~ S\Absml:
.e% O(‘Aa-(- ?{ (\<i<n). —r\f\e/\ F\ [C‘J-\’\ll Se \07 a\owc we \r\mvz

He Nel) and 1 I NG0/0] =[N0 - Ky = (G H = o(mad p)
Hene ol INg®M| and NM/H containe @ sboyoup K of order o
\;7/ C_o.uc,\ﬂ//s Thm A«Ba‘m .

Now, W<®(KISNM)KG and |\ = K| 0| =
w‘f\&'e_ -« ° NG(HB —;NG(H)/H 1S *\’\Q Co-f\om‘g:.\ h’\a-‘?.

(2) By (D) and note that, \"\4 NG(\'\) = \—\<\ f'(E‘(K) #*

F /



" Cor AV\)’ F-S\"ow? s solvalle.

.P_% : Aﬂ?\y?ﬂg the st §7‘ow Twm to a § - oyrowp G ocs(vc.s A Sequence
g(..} =H, < H|< e < Hn-\< W.=G (sﬁ)' \G\= Fn)
st. Ho <9 H; a~d H;/Hi ':‘—"ZP for 1=)\,2,..., 0.
go G [} So\uﬁb\.o.. ++

'D_e*'_ A cub ronp P<G % called Sly\ow ?-SV\\pcmuq; § Pis -
mMaxin P- svs\oarovvf of G.

M(SZCDY\A 87\0»,4 T\‘\M) \{' H $ ?-SV\Lﬁmuf e* A %c\?tc_ TV\? 6, MA
P i any Slew  p- SV\Lsﬁur & G, then 5366 sk. U< ?Pﬂ:‘ )
\r\ \:a-(ﬁOw\N 7 af\)r two Sy\ew r— 5v~\>3m\~?s 0(' G ace Cof\:)vxg':u :




PH: Lt X= za.P\&eG‘\j,
Consider the action o’( \"\ on >< \9/ \e%\' mu»\'\'(?\(cf\‘ﬁof\.
So IXul= \x\={GP] ed P) Ly Pno‘:)t.

Now ‘>X EG“-F}-:?XH;'EFS, and

APe A’y &  HaP=.9 Vet
& ahaP=P Yher

S a'Hax P
& < aPfat,

Hence R ae G <. H< aPat.
th \-—\ 1 & 37\014 ?-—S\Acﬁﬂwf , t\en H‘——' aF’:\ .



—\_-\ﬂﬁ\_é-“m"ra 37\0\,4 T‘N“} \_Ct G k& Aa ‘Rvsﬂn_ 3?'\:%? ana P & ?M sk P\ \6\
Der\o‘ke_ ‘?' nr ‘“\2_ Y\\hm\oex‘ o‘% S7\ou ?-SMLjrchs o‘% G\
Then hf\\G\ and is of "(\ne_"-om k?-\-\ Jcbr some ko0,

_P_(: : B)f the 2ad S):\ou Thm,

:'ﬂ: O* §7\ow ?—ﬁv\.Lgmwvs = :ﬂ' c& COVSV‘S"US c;T P (w\f\ue. P<G 1<

one 0‘(‘
The <econd Qquo&"t'\')r NS ﬁ‘wm \07 \G-P\= C.GI’G\;S,

whee G acks on {““ g"“"’)"’T”} by conjuation,
and V\o‘t'.'r\j “hat GIP = Na(®).
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Now let X i;* Pyl

Consider the action of T on X &r c»nmﬂﬂom

Then &éXP & xQx'=Q \/xé? & P<LN®@).

Sne P.Q ace 87‘9‘4 P- S""\OS"O"*".S O‘Q G 2nd hence & NG‘:(&)/
'\'\‘\9/ e C.cn:)chttﬂ_ " NGCQX. Bvct, Q4 NG(Q) = P=& .

Ne tonduda taat. XKoo= {P3.
B7 abov.(, ?m‘)os&iw\/ \X\ = \Xf\:\ (vv\oJ f) \'\endL l><\= \<€>\-\. **

" Cor V\":=\ & the gy\m ?-su\osmm? IS vormal. SAows P & G

S
P By the 2nd Sylow Thn, 1, =1 & 9P5'=P Yac G& Paa . «



e.%. . Cor\m'&ef the A?L\zAra\ Srowp bn w‘qe,ng n g odd.
TL\er\ o <)¢\eu 2-$u‘ojrvu? (s 2‘«\/&\ \'7 <‘T7=Q“Lr‘7’} whee 'Tébn

IS r'e'(:\e.d'?or\. Na‘u. tHhat o= (A ths case.

- GConcider tha SymmetAc Aro~p SP whee P s & an{
-_(L\Ll\ A Q,(aw p- Sm‘oﬁr"ohP £ 3¢\/¢—" ‘97 <°'> whee o€ Sl’
15 p-cyda . So Ne=G¢-d\, and Sylow T implies
(P—l)‘.':-‘. \ Cenod f)
= (.P"‘)‘. = -l (o f)
This 6 clled Wilsens Theorem.



A?p\‘_c‘\*‘-vf\s of S,y\ow Theorems

He.r'g_ ace Some s'im?\e. an\Ccﬂ\-:ons .

Examges @ Suppase |GI=15. By 45t ShowThm, Ghas & cdoayonp P ok oder 5.
By the 3 Slow Thm, ng= Bexi |15 = n.=1
So PQG HOJ\(,Q G\ s SO\Uo-‘oLL. and CanndtC be, S‘\M?Lﬂ.,
@ Suppose |1Gl=20=2%5. By the Ist Slow Tom, Ghns soopon P of oder 5.

B)/ the 33 S}/\o\d _(L‘M, Ng = 5\<+\\2_o = ns—=i
So P4 6, Hence G s soluable. and camnst be S‘\m?\&.

—To osfr\f ‘o mogce so?\-\'(s‘ﬁcsttd CeSey , we May nse Some “C.aunh‘ni fec\'\v\'m‘mst



Obscr\laﬂﬁon : H: H\ , Hz <G rC distinct S%amwvs de ocde~ a ?ﬁm |>/
'(—\'\CJ\ H| (@) H:_ = {CS_

nN,=\" o 3

Ny = or ‘l‘

\’; “3"(\' then thae cbove lemmes = G fas 4-2=R ks & order 3
ln tals Case, the he.mo.?m‘r\3 12- =4 4t wunst o a %«\ou 2~ 5"'1"3""“?.
Tais '\M‘:\\'cs .=, Hene G is solusble and camnst be S?M?Lv..

® Seppere 1G1=12=2°3 Then Slow THE = |

=1 or lo

Ng= 1 o &

H ny=lo, then tha cbove lemma = G Has lo2=20 s & order 3
| Ng= 6 , then the cbove lemmes = G fhas 6:4=2% &ts & order 5
So we hewe &ther Ny=| o Ng=1

\"\U\L.Q C‘J s SO\UDJOLL and CanangtC b(. S:M?Ll.

@ gu\rfosc \6\= Yo= 235 Then 87(9»4 T_‘{' T = %



Lemma et €¢CL be two ‘anmc. Luctors o |G\,
\§ ", = ng=\, then elements of the S/\ow F—sw\ojm“f
Cormmute WA elements o e S/\ow QS-S“LTSM“’F
Ei Lt P oand @ be tha S)/\ou p- and §- s\n\osm? X G.
Then P,A4AG . Also Po @& =1e} \?«‘t\\n. Tom  of \_0\3\"&'\32
since pFq o for a€ P and \:e&
bt = GbadL' = q(\ad‘g‘) c Pr@ =1eY,
and henc ab = La. H

’\ s \SOMQV?\‘\ <- e c,\cht Vwoéwt 0&' s g}(e\,.a s»-l:trewfx



P_ﬂ'_ : C@) Sine o 'Gn(‘l’or "o . Airect {mad\..r.t < a\\wa)/_s N
horma\ Sw\o<3n.w~‘> o‘\' Ao ?roe‘u«.t, this diceckion g trua.

NNy

(=>> Wvte \6\‘: L 2 T ?2’" Since 2\ S)a\ow S\A\psmv-?s o
normal, Y\,\,‘,=\ Vi, Lk P Le 4 S)Aou \>‘--S\-L3\> wn G,
Consider tae mop

@: Px---xP — &
(Ar,mnny 22) ¥ Qg
\_e.mma = P s a e\ommef?\r\'\s‘n.
Nete oot Lail s« goer ok P 5o 1ol we 1l prine
= \a-—-al= (a2

Teredore P i3 '\n:)c,c.ﬁv'- , and Henca L;-tcﬂuL since_ K§
A wop betiueen Ywo owpS o“ e.ﬂh'\\ S\2e. #

Bk + This also shows that G = PPaPg .



T\rw\ Lt‘(‘, F ond 1 \De.. v\r‘\mc.s swch that "‘7‘9 , and
\et G be a Arowp N oder P Then
(D G s sdvalle and fenca not Stm‘:LQ.

@ W aF Gned p) , then G=74q

LS 37 twe 24 Sy\aw Tham, “‘k\ \Gx\=\'5"1s and h.k_=_\ (mod 40
This dorees V\'le sinee. p< - So te Sy\ou 1—sv~.\ojvov~? Q

s rormal iIn G = Je3< QAG & a sollle cemes Sor &

Now Suppose that %#‘\(MOA P). Then the 3rd Slow Thm

A\so '\m‘p\h.s et =L

\_C( P and 2 be ta S}«\ou P- and %" sw‘osm? & G,

Then P and S ace C)«c\:c— o‘g order T ond 1 t‘zs?e,ctiue&;/.
e previous ?mFoS:r\‘(on = G=Px_ = leck . ¥



Rﬂ\\( \{ GL:"——\ (\V\OJ f) '“"\U\ W con \pe_ s\'\own that —W\m o exoscf‘): two
cl.‘;sﬂnc.‘t, 3r~o\~r§ C‘& order Pﬁk : e C)«c\?c, ﬂm\”? Zﬁ and oo
V\ona‘oe\ia-r\ i)mwF K sznwodu.d \’7 two elemedts ¢ and 4

st lel=q. \di=p de=c®4

where $E | (mod =|D ond S%?-‘\ Crod ?3
\n ?M;Cw\ﬂsf‘ p Wk cz’ S an odd ‘wtme, , then 2nery 3.—\,\,.? J(- orde~
2‘& Y4 '\Somorf\nic é\w to —Zzek o +\'\2_ A’\\’\CAPA\ s\ﬁov\r Dqﬁ

RI_V\\S_ Siml e a(‘oéu-mo\‘ts can chow that 3\'00\'\;5 o'(’ ocdesr F"ck and ?:'ci‘
are soluable. More 3“‘“"“ . we lhouve Burnsidds Pa{ Theorem *

any Laite Srowp 0‘; ordes PA‘QL ¢S so(\/m\-\ﬂ., but s ?NO{' 19 ‘oe.yona\ ous~ Scope.



B Soppese 1G1=255=3-51% . Slow T = M=t F B Slew 1T-sdee HaG
B/ cbove , |G/H\=15 =5 G/H eycdic . So [G.GY<H = 1I6,GT\=\ o 17

. r\5=\ o 85
B7 S)l\é»—' T\‘I_ O\Dazr\ '—";>

ﬂ;‘-_-\ or 5\

I n3=%5 and Ng=51, then G fhas 852+ 51-4 =314 elts, Lhidn T
TMPoQSQ\oLﬂ-.

So ather =l = 1B6I= 1 o 3,

or — wg=t = {66} =\ o5
We conclde that (G,81 % tAwval.
This tmf\Tcs ot Q T abelian and Henca Q)/C.\:Q‘
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\3 /A
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