MATH 3e30 ALGEBRA T
Le_c:ku\.re, 3

lSomorr\nTSM Theorems

chd\\\ the iSt \SoMorf\'\':Sm -nf\&or“e.m :

_—_r\'\_'_"\_ \_.e_’(, ?’6_36, Le. A *e\omomorr\\':‘m. \_et N=‘k4r<ff)
Then the Map ?G/N_’?(G) delingd L7

@ (N) = ()
1S an fSow\or'\:\/ﬁSm SU\-C.\/\ 'ﬂ'\a‘t (F: ?o Ty 6 ——46/M

where T G— G/, :-((3

S 'ﬂr\,Q. Ca.r\or\(CA\ Mosr



AS O arr\;&*\'an, we kau)(.
Lemma®Llet N 4G, Then the Fnap

LG
11 {L \ C>N —-B{K\K46/N§
L — «,(L)
S a \:’Se,c_ﬂon.
To prove \Wis, \e_t nwS recll the 'Gb\\outnj \lemme
Lemma\@ \_e-t ¢ :G— &’ Le. o \f\omomwv\\?sm.
. N4aG = )< #(Ga) (NST £Nd)ac” (1)
2. N4G@ = W4 G



PEof Rt & al, LAG = (A x® =GN by Lama®.

e O Also, since L oN, TE:,(EN(L\)= L. so Tl s £-4.
Next, 1§ KAGMN ,then L=g(K)A G by (Lema®) and L>N.
As KSInTy, we have T €N =K, s shous that TL s onto. #

Qc_jg_ A 3\«70\.? G s colled %\‘még‘ '\'Q G#:Yels A— N Y &N no YMTU‘
hovtvivial Nnormal Wb grbwrs )

9.3. ’ Ah7 s'm\o\e_ abelinn o)rouf must Le c)«c\?c And o‘\\' Pr‘\mg ordec.
. An (L s?m?\c_ "va— n=b. (Do §\5, Ex 39 1o ?\ﬂo\lc_ 1 & \,)



Dﬁ& A V\ormh\ $w\p¢‘3ﬂow‘9 N\g G S CA\\QA W\ax.\mo.\ T’G $ N4 G
Suc\f\ ‘f‘«ﬂt M fﬁ. N é G .
“ &_"’F_ M 4G =g wiaxire) \'«' G/ M Ts S'un‘;\v._.

E‘&: C:)- I-G K4 G/M S novtAviel Yﬂofu, then L}« LemMos@' we \nave
TKING od MERKDEG whee 1:G—GM
$ the canonicel mMop. Se M 15 nstl craximal.
(@'—\ Coh\IUSA)r, -\'Q ANJ 6 st M % N § G / 'd"¢" ‘o)’

Lesnma @ agein, NI ARG = G/M; and ' &5 nortviia) 2nd prepec
lD)’ Lemma®. e G/M % wnst Q\‘Mrb,_ , 4

,&\Q : S'\MV\Q 3\'\7%?5 are '\'\nc“ ‘oas.sic. ‘od\\A'm3 L\DC\:S” 'D‘Q gmvxf.s.



et H,N be SVLSmu-F.S & G.

_b_é_ The 52‘3 HVN 0(' \"\ and N [LS the Co_\os\nou-? a‘(‘ G 3¢,na.¢'ntmo\ ‘07
HN = {%\n \&e\-\ and néNg

£ furthermore. HA4 G | thea HN QG

Pf+ Since NAG, HN=NH. So it sfices to chow HNZ G|
[ et ‘@\.n,,‘e\,n,_e HN. A \\\46, An, €N ot Cn.n}‘)&?- &:n,

= @\,nb(&,n,)" = 'eh(ﬂ.'\;‘)a\_: = ‘e‘-‘e\:‘ Nne € H“ . Heqc.o.. \"\N <G

){: N addikion HQG,"H\M VgéG,
alN)5' = GHI(GN) = HN. Hee WN<QG. #




-T_"lm (2'\3 \SO'V\orF\-Gsm T\ne.orcm)
For H<G ad NA G, we \have (HN) /N = H/(Haw).

Ef_-: Cons;du e c""a";a"( map TN"G — G/N, anad s restAction
TN\H tH — (W),
Ker (Tl = “\QH\’A‘\HNKS = {her | hen Y =HaN (o HaN< H).

By the ist liom Thm, Tl induces an tsom  H/ACN) = T (R)
On the other hand, restiction of o, to HN ques & mep

Tl HN — T (AD) = (1)

and  Ker(wly V= Thnetn | A= §= Thne i | ey =\
Applying 15t lsom Thm amain ogves (RN/N = (1), %



Ansther (simplec) of -
Consider Hae wmap i H — KN dehned by =) = 4N

Sin %n\\\=%t\\ Lor M)/ %e\—\ and r\.eN, ™ s su-rjze.tt-/&.
MC-Xt/ -‘t('e\\‘e\z) = @.,Q\I)M = (‘&.N)(&,N) = T(‘e‘) t('c\a.)/

So (N -tS .8 ‘e\ow\o N\OV‘?»\TSM .

F'\""“‘?;' Kee (%) = {&GH\Q\M=N§ = HaN .
HO\UL e est Ll ovws ‘%\wom the &.S‘t Tsom. Tham. S

PW\‘( T (% (\e‘ﬂn?r\z (Owt e restAaction O(' N to H



2.3. Let mne€Z . Then i e Arowp L, we ove

W+l = <mns = Loednmd> = ocdlnnd - Z
mZonZ = e = \em (“"“B'Z
SO the 2nd -LSOM_(.»\W\ Says ‘hat

gcg\Cm,r\)-Z — N\Z'\"\Z o~ ™ Z — wZ.
nZ nZ wZAanl  \colmm)l

wint tw\f\"‘cs the fack ot

3cd (mn) - lcm(mn) = vn .



M (?ﬂ'A \SoMof‘F‘-Gsm Tkw(&n)
Let HKAG w K<t Then  G/H = (@A /(76

H: O\K': \DK , T‘?\Cn 0{.-"0 éK_ Bv\t \<<H So a-(LGH = aH=LH.
So 95 ) ud\- AJ:‘\‘MA P o—l\A v o\z.o«-\t} Sv-:S&dCuQ.

For ok, bk e G/,
F (LK) = B(K) = (@D H = GHYLH) = #() $(Lk)
So % & a &omow\or?k:s-n,
Finoll,  Kec(@)={aKearsk | an=n}Y
={lak ea/k | aehy = H/AK
The cesult Hllows Hrom e At \som Thm. #



Seres oss 3(\:“\:‘3

" Def- A subnormal senies o{' G is a fAnte aina d& Sv\.\ajfbv\?s
feh=H,< H < <H. =G

<X. H-,d Y Vil- and & 18 colled a normel se~esS $ H<4G Vi
n 15 called the lenath ob the sedes.

The O\uo‘tiu\t %f'bu?s H‘“../Hi are caled the _q‘wd'ﬁer\t (°f‘ '(‘%da")
h groups oF the senes,

e9. .+ {y<ZL<4Z<Z
d, (D9,
Ty < L6 H> < V= {70 (6es 3 < Ds



DC&. Given Two suenceme) Cﬂo\'mo\‘) Senes {H:Y and {KJX K a yonp G.
\,\)e Ca.y {KJB S a \‘Q‘%n&mu\t ‘* YHI\) -"G g\’\ﬂséi\‘ﬂ

-DC'\' A Subnoemal (“tsf. \norm—.\> Senes {HIS 1S & C.omrosi'tion (r¢5\=. l:n‘nc.:?iD

Senes _&' ‘t ‘e\ns no Pm\?-&r— m—f-?nwut, or co‘uivos\cnfyl '\{ a\\ “S

a\woﬂzr\t '3“’“'?5 Hi-t-l /H{ <How called Com?offl':‘n *ud‘eﬁ) ace m‘m?\e_.

C\za«-\7, 6UU>/ ‘G‘Tn’ftp_ 3rwov~\> kas a. Comeos?h‘on senes

. GIJCJ\ o C.amFoSH':on Senes
{h=H. < H < <H,=G

we obtain o Sequnence of shery emact Seauentes ( or extenciont) -



T~ '{'tv\{‘ty_ S:MF\L

e roups
1—>H.—aH;—>\-\;/\Z’——'_y I

1_——) H).*’ \"\3'—') \"\3/H:.'—"L

f — H;, — H.

e\

— \"\;.“ /H;—"&-

L — H_ — H=G— K/ H. o1

\‘\U‘%, L dSenstas the *tAuvial %6 Given qro-p> G,H & @/a Seonenct o Mienps
L—H>Ga5Sa—A

\$ cllead shert exact '\-g Dy 1S \--\/ (V) /v W onto 4— () keer w=Twm 1.

ln this case, e also Sevy G s an extensson of Q \,), B




HB\ALF \)Njfa.m : e_ue.ry —C—Tn'-‘t,o._ Br*ox»‘: 1S \pu:\\t +vbm ‘\‘-in'&_n. s?mF\L 3&:\.‘:5
@ C\asS'l"(\/ 2\ ‘Q'-V\:‘ﬁ.ﬂ_ Stm?b. 3r°\~‘>s §— r_omr,\.o_b_d &Ound 2004~

@ C\a.sd'\:/ all POSS"\S\’— U‘*)’s & L‘_:.\A'-'e\,} N Smu\;
‘Gmm 3’\./2_'\ 'Gia'\'t.o_ S:M?k&. ?)Nh?'s «— \ar-go_()f waknown

_EXa-m?\e.S . %‘% < A3 < 33

$9y < D> < V < A, < Sa

ace C_omEeS‘t‘l':or\ Lenes ‘h:r‘ gs a~nd Sq- mr.

Sinee A, s stm\ab. Lo n>,5, '(Ta\\)< A.< Sn T
(omposttion Series o n3S,

.



"_\.\nm (jarAa.n-\—\B\At—rs Lt G be o Gatte oyoUp . \§
fey=H < H < < H=G
ley=K. < K. < -+ < Ku=G
oce “‘two Cam\:os?\'?on Se~es for &, thea m=n and A oe S,

s X. H'i-ﬂ /H‘ = Kr(i)-\-l/K\rti)

_P_LL’ We wnse \nduction on |G,

Case 1 H,\_\= Km-\ . \n this v e , we e two CﬂMFesﬂ':of\ senes '@br-

tWie ¢mall er 3\'%%-?, €0 wWe Con “FF‘)’ The taduction \nﬁdthcs:s
CoéC -g_ . Hn-\ * \<M—( .
la this cose . HoQAG 4 K9G = HLKLAG



Bt H.. K- propedy ontains bsth Mo & Koo vhidh ace bsth

hnax'-ma\ norma\ <u‘93r'op\\>5 9(- 6 s S© 6‘ \'\n-lkw\-l.
By e 2nd \Som_u!\m, we \f\hu&_

G/ Hay = Koo /B0 K. 0nd G /K> Hay MoK

Lct j'-'—'— Hn-\ (g Km—\ . —“f\f-n j 1 & max‘\mh\ Norma) Stn\psm'wf in
LJ"\'\ Hn-\ &l\d km_\ , anA

G/Hn-\ = KM—\/j O-t\c\ 6/Km-\= \—\A-\/j .

Choose a Composition Seres

leY=T. <3 <+ <« 3.=3

Mou w e ‘navz_



Quotients ( GOSHSH 2> )
= { G/ Han, M/, R /Ras, 0
\Aa\

p <o ~ 1 GMu, R/ T, 3/T0n -y (D Dden e

5 R Tk okl 2 2 a"P\.tcA to | P
Koo /D G /K-
-~ { G/KW\-\ / \<M-\ /j, -j/ 3-2-3_ PR \S (l‘to(‘&(—rtf\})
—~ { G /km-\ ’ kn\-q /K*\-z ; zlv\-z /K'\-Bl"' .‘3 (b’ ndction \\7?6“!\(5\‘5 >

applied to | <
= Qluotients ( GSKan> K> ). +#

Rm\( $‘m¢g_ a s\‘M\:\.L a\‘oe\fan 3.-9-_\‘, 1S o‘Q fﬁmﬂ- o«-éuu- (md \ncnoz. Cyc\-c_\,
“he obove trzovrem "\’F\:‘A %o c7c\?c roups %Tuc_s AV um‘v\u.wss of

Fﬁw\& "G'G.Ck ozation 4 ?0 sSrtioe 'u\'tq_ﬂp_rs )




Solvalle Smw‘ai

De.‘\‘ A Qrowp G s solvede 1t has a siknormal sedes wWhmose Auetient
groups are a\l cbelian (colled o sduabla sedes).

BM\< \'(' G s ‘G\'f\(tb, then G s soluabla 'fq' 1o 'e\a\.s o Ccm?oS'\‘t\‘or\ Se~es

whose Comfos'\‘tion “:ac‘t'ors oce  al\ c7¢\7<_ & prime ordec,

\n sther Words, a sduvalde Aronp 1S qronp Lailt Srom (swecessive extensions
O‘(") obelixn 3(‘:(»?5.

EXaM\‘?\CS . A\\ abt\:a-n 3r'ou\fs oce ge\\/a.‘.,\y._
° SS and g‘f (W\A ""’\0)\(‘ Su\ajfbhess AC Se\uaun_

c Sp 15 et svade Whea N3 S



Consider — U=3 (L W< &= { (: ‘;}} < GL(F)

Thean UQ&/ &/U“_—F*xF" (:‘:)F—-’Cavc')

0~f\A U :(FI T 3
ch(&_ B s So\ua‘au_

P(bg (ﬁ) F_'\/¢—C'7 %\a)o%mur a—nA o\uo\'iee\t %WV\? O& A SO\\IQ\\AJ. 3@(/\?
s So\\la\UJ_.

) Lt N be a nomal sibgroup of G. € N and GA ace both
Colualde , then G is goluabla.



E£ : (o) §u~r\>osc that G s solualle W a solvalla se~es
¥€_5=KO< KI < T < Kn-:G
\_et \"\<6 be a iw\cﬁmu‘:.

Then +the “\Omamor?\n:sw\ HaoKin — K /K
o v aK-,
'e\as \<¢-mz.\ (\-\(\ Ki—tJ Qo \<i = H n ;.
Hence  HakK 4 HoKa, and Hok)AHnk) s Kin/ki by 5t Lem
L~ ?ﬁrﬁw\ar, e qwo‘h‘u\t s abdixn , So s

{fed=HaK, < Hak < --- < HaK.=H
s a solualle se~es “Q'or' .



On the other hand | let N Le o normal Sv&ﬂmw\, X G,

Consider N=K.N< kN < --- < KN <KN=G.

Quuotient Ly N ond lettine Ki =(KNMN Eor izo,,...,n) ayves

INV=K,. < K <.-- <K._. <% =G/N

To ser that this b a solualde seses  wnsidar the Omposition
Kieo e— KN —» (&anN)/KiND

This s a s\.r-:)e.c:t'\\,z. ‘e\cﬂ\omcfe\r\';sm with  kerndl D K; . So (T

ndwes Uo)/ Ast Tsom. Thm ) e swrjective fromomordntm
Ko /i —> <\<\uN)/(\<‘M)

Bt K/ Ko = (KN N L e 3t Toom Thmn,

So K/ s obelian Vi



L e - v v =C
() Lt {N3=Ko< K|<.-.<kn=6 . and
fey=H.< H, < < H.=N

L-C. $°\V0\L(.L Sened O“' G ond N rgsrect:vcb;

Taka \<;=1€§.C\2\-) se that N<K; <G a-d —K_i=TcN(Ki).

&7 the 3rd lsom Thm Ei-e\/Ei = Kin /k;
= RITH <H, < <H 2N = Ko<K < <K =G

1 o sduable seqes o G, #

Rm\< Par"t ao) Can \ge. N‘QAPASCA &S * an extension e&' sl 3r~os~?s
So[dd\bkﬂ-.

[§.9



Dcrich senes

Rccas\\ 't'\'\a't T\'\f- Communtator Sw\asmuf [6,6]<6. is the Subo‘\mvx? 3¢.n¢—ﬁ'~'tzé
L}’ Commutators [a,b] = aba'b .

(G,G) ¢ also caled the Ast denved suboyoue £ G and denstad by G=c"

The 2nd denued $\~L?Y’D\~e_ & & G\c‘)=(6,),; e 32 s G“)= (G:\”)I; and

SO on.

" Def The seres G > G >G> 6 coled the de~ved se~es & G

e—%- €n>An>AA>AA>"°

l\ ng A %(bhf G s SO\UIBL\’. 'VQ% Gﬂg)= ¥¢\ 'be some k.
Pf: (&) % tavial.



(@3 Canv-z_rﬁz.\y, Su\ﬂoosg_

fel=H.<H, <--- <H.=G
TS a sduslde seres for G

Siner G/ Ho s dodian, G S Han

Now G Haa < Hat  and b, the 2nd lsom Thm
GG At =@M/ My = Mo M,

Sinct HuaMMua is dodian, GPc G aMa, < Wi,

Re.?ea’t:m-a_ i Arqument  Shows thak e W Vi

Hence G= (el tor some k. #



