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Compulsory Part

1. Let K and L be normal subgroups of G with K V L = G, and K N L = {e}. Show that
G/K ~Land G/L ~ K.

2. Suppose
{e} -5 N —G -5 K —{e}

is an exact sequence of groups. Suppose also that there is a group homomorphism 7 :
G — N such that 7 o ¢ = idy. Prove that G ~ N x K.

3. Show that if
H0:{€}§H1§H2§"'§Hn:G

is a subnormal (normal) series for a group G, and if H;,1/H, is of finite order s; 1, then
G is of finite order sys3 - - - S,,.

4. Show that an infinite abelian group can have no composition series.

[Hint: Use the preceding exercise, together with the fact that an infinite abelian group
always has a proper normal subgroup.]

5. Show that a finite direct product of solvable groups is solvable.



Optional Part
1. Suppose N is a normal subgroup of a group G of prime index p. Show that, for any
subgroup H < @, we either have

e H<N,or
* G=HNand [H: HNN]=np.

2. Suppose N is a normal subgroup of a group G such that N N [G, G| = {e}. Show that
N < Z(G).

3. Let Hy = {e} < H; < --- < H,, = G be a composition series for a group G. Let N
be a normal subgroup of GG, and suppose that NV is a simple group. Show that the distinct
groups among Hy, H; N fori =0, - - - ,n also form a composition series for G.

[Hint: Note that H; N is a group. Show that H; ;N is normal in H;N. Then we have
(H;N)/(H;i1N) ~ H; /[[H; 0 (H;—1 N,
and the latter group is isomorphic to
[H;/Hi]/[(Hi 0 (Hi-aN))/Hi-a].
But H;/H,_; is simple.]

4. TIf H is a maximal proper subgroup of a finite solvable group G, prove that [G : H] is a
prime power.



