
Lecture 6:

Recall :

#If allspace or Range

Definition : Let V and W be rector spaces and T : V+ W be

a linear transformation.

Then
, the M space (or Kernel) of T

is defined as :

N(T) : S * V : T(Y) = 3 c V

theMange (or
image) of T is defined as :

R(T) : = & TC * ) : Ye v3 <W



Proposition : Let T : V - W be a linear transformation.

Then : NCT) and RCT) are subspaces of V and W

respectively,

Proof: · Tr) = w

i OvENCT) and we RCT)

Let and ENCT) and a EF
.

Then :

T(* + j) = T(Y ) + T(j) = Tr + N
=Tw and

T(a*) =
aT(Y) = an =w

i +je N(T) and aE NIT)

in NLT) is a subspace of V



Now
, let i , E RCT) and a F.

Then : EX
, YeV such that

ii = TC* ) and = T(5

ev

So
, T( Y +5) = T( * ) + T(j) = i + = m + = R(T)

ev
T(aY) = aT(*) = an => acER(T)

i = RCT) is a subspace of W.



&Remark : T : V + W is onto iff RLT) = W

(follows from the def)

-Proposition : A linear transformation T : V- W is one-to-one

iff N(T) = 53.

If :

(Recap : One-to-one E)
"
T(*) = T(j) => * =

"

(E) If T is one-to-one ,
then : for any

ENLT),

we have TCY )= w
= Thor

= *= v

This implies N(T) = Sn3
.



(E) Suppose N(T) = Sv3

Let *, j e V such that T* )
= T(5)

Then : T( * ) - T(J) = T(Y - j) =

This implies Y - y = N(T) =Ev]

i
.

- = on or * = 5.

i
. T is 1-1.



Definition : Let T : V - W be a linear transformation,

If NCT) and RLT) are finite-dimensional ,
we define :

· Nullity is denoted as Nullity (T) is the dimension of

N(T) .

· Rank is denoted as Rank (T) is the dimension of
R(T)

.

Lama: Let T = V- W be a linear transformation. If

B = 58
,
2

, ..,
in] is a basis for V ,

then:

R(T) = Span (T(p)defspanETC) ,
T(E2), ..., T(En)]



Roof: T(j) E RCT) for je1 ,
2, .., a

and RCT) is subspace.

: SpanET( ,

Tz),-.

T(n1] CR(T)
T T T)
RLT)

Conversely , let [ERLT) where * EV.
11

T(*)

Then : I a
,, an

, ...,
an EF S .

t
.

*
=
jij

So
,

= T(* ) = T jj)=jT(j) SpanThis, ...,This

.. RIT) < Span(T(p) .: RCT) = Span(T(p)



Example : T : P2(IR) -> M2xz(IR) defined by :

f (0) f(1)
T(f) = ( O f'(d &

Take B = (1
,

X
,
XY as basis of PaLIR)

·

We have : R(T) = spanGTC1) ,
TCX1

,
TLXT 3 = SpanITIR)

=

stand8 i) 18 % )]
Lin

. indep
= Rank (T) = 3



Theorem : (Rank-Nullity Theorem

Let V and W be rector spaces s
.

t. V is finite-dimensional.

Then for any linear transformation T : V- W
,

we have :

nullity (T) + Rank (T) = dim(V)

roof: Let n = dim(V) and k = dim(NT) In

Choose a basis Sv ,
2
, ...,

E] for NCT) and

extend it to a basis S, ...,
ER

,
Fre

,
---
En] for V.

Claim : S = [TLER
+
)

,
Thetu)

, ... ,
T(n)] is a basis for RCT).



① R(T) = SpanST() ,
TCE2)

,T T (n1]
I/

O O

= Span [T(ERH), . , T(En) 3
= Span(s)

um
S

② Now suppose I bett , beez, ..,
bu EF sit.

bi T(i) = .
i=k+ 1

Then
, by linearity ,

we have : Tbi) =
=> bii ENT



i . bir = Civi for some < , ..., CEF.

i =k+ 1

But then : -(i) +
bivi =

i = k+ 1

, ... En3 is a basis for V and so it is

lin .

ind.

in ( - (i) = 0 for i = 1 ,
2, -,
k

bi = 0 for i = k+1 ,
k+2

, ..,
4

i-S is lin. ind.
&S is basis for RCT),



Nullity (T) + Rank (T)
i 1Il -

= k + (n - b)

= u = dim(V)

/



Thin : Let V and W be vector spaces of equal finite - dimensions

Let T : V → w be a linear transformation .

Then
,

the following are equivalent :

( a ) T is one - to - one

(b) T is onto

W

(c) Rank IT ) = dim LV ) dim( RCTI ) 's

dinar )
Proof : is one - to - one

⇐ Nullity C T ) = O ( by previous proposition )

⇒ Rank LT ) t NuttyIT) = dim LV )

⇐ Rank
, .LT) = dim CW ) ⇐ RCT ) = W

dim CRNI ) ⇐ T is onto



Example : Consider T -

- Pz C IR ) → Ps ( IR ) defined by =

T ( fix , ) : 2ft x ) + J

!
3ft ) at

-
-

We have RCT ) = span { TCH
,

TCH,
Text }

=

span { 3x , 2+3×3 4×-1×3 }
dim I RCT ) ) = rank IT ) =3 -

Rafikt Nullity it ,fine:c dent

⇒ Nullity LT ) = o ⇒ NLT ) ={ I }

⇒ T is one - to - one .



Example : Show that tfqcx) E PUR )
,

I pcxl EMIR ) such that
A

frail theists ( This onto )
[ ( x 't 5xt 7) PHI )

"
= qcx )

.

Consider T : PUR ) -7 PUR ) defined by .

Tlpcxi ) = C C x' text 7) pex , ]
"

( Exercise : T is linear )
( NeedHWNCT)=¥=o )

because dim C PUR ) ) =D

Idea : Restrict T to Pn CIR ) : Define . T : Pn UR ) → Pull R )

Such that Tlpcxi ) = [ C x45xt7 ) pix , ]
"

Remain to show Nullity L T ) = O
. ( Exercise )



Thin : Let V and W be vector spaces . Let { I
, ,

via
,

.
. .

,
In }

be a basis of V .

Then
, given any To

, ,Iz ,
. . .

,
NEW .

I a unique linear transformation T : V → w such

that Tciii ) -
- Ii for i -

- 1,4 - - in

ni
,

V
T

W

view
.

-1
I

o
"VnW#



Proof : For I
'

EV , I ! ai
,

az
,

- -
-

,
an E F s .

t
.

I
'

aivi
.

We define T : V -7 W by : Tcf ) =

,

aiwi EW

. T is linear : For I =

,
aivit!y

'
= ÷

,

bivi EV

and CEF ,

we have : TC city ) = T ( II
,

@aitbi ) Ii )
= ¥

,

@aitbi ) i

= c zaiwi)t⇐ZbiJi)
I I

11

TCI ) TCF )



. By definition
, T C Tri ) = Ii for i = 1,2 ,  

- .

,
's

• T is unique
i Suppose U -

- V -7W is linear sit .

UCF it -
- Ji for Hi

.

For any I
'

= ¥
,

aivi EV
,

we have :

UCI ) -

- Eia .

. uiEFi=
,

a .
- Ji = text .

i . U
-

- T .


