
u
m

· Let U and W be subspaces of V .

Then :

V is said to be the direct sum of U and W
,
denoted by

V = UOW
, if V = U + W and UnV = 33.

· V = HOW iff for VEEV ,

E ! Vectors EU and we W

such thati = u + T

· Let V = UW
.

Define : P : V-U as follows :

For any EV
,
write % where he U and NEW

Then : define : P(v) = i



· V is said to be a direct sum of subspaces UI ,
Uz, . . .,

UK,

denoted as V = U, Uz0 ... UK ,
if for

VeV
,

El vectors ielli (1ik) -= + E2 +... +M

· U , 0 ...
Uk = ( . - . ((U,U2)0Uz)0 ... Uk)

· v = U , Uz0 ... UK iff :

①V = U , + 4z +
. ..

+ Uk

②
UrnZi

= 53 forI



Ximensionof direct sum

Theorem: Let V be a finite-dim vector space . Us
,
Uz, . .,

Um

are subspaces of V .

Then :

dim (U, Hz0 ... Um)
dim(i)

Proof : Let Bi = basis of Hi for i = 1
,

2, ...
m.

Let B = B , uBzi ... Bu (disjoint union (

For Ve U . 0 .. Um ,
Z ! Yel

,
zen

, --,
in EUm -

> -

u = 4 , +... + Um
.

Each is can be written as a linear combination of elements im Bi.

i . Span (p) = U
. 0 ..

Um



B is linear independent.

Let = (aiui + ae +.. + anU)+... Ca+
M A

↑ Bus Bi Bi & m

Then : each ani .. + anu =
t for Vj

=> air = ad =...
= an = 0 for Vj.

i B is linear independent.

i . B is a basis.

i dim (U .0 ... 0 Um) = (B) = dim((i)



Remark : In general,

dim(W ,
+ W2) = dim(W i ) + dim(W2)- dim (WirWa)

(Homework !)



Directproduct space

Definition : Let V I and V2 are vector spaces over F
.

Define :

VixVz = ((x ,
j) : * eV i and YeVa]

(called the direct product of VI and Un)

Define : · (
, ji) + (x2

,
(1) = (

,
+ n

,
5 ,

+32) for
FEzEY
51 ,
YzEV

· a (x
, j) = (ax

, ay) for VaeF ,
YeVi

,
geVa.

Then : V ,
XV2 forms a

vector space over F.

Exercise : Check.
-



Theorem : dim (V ,
XV2) = dim(Vi) + dim(V2)

Prof : /Ideal Let B.
= E,

E
, ...

En3 = basis for VI.

B2 = E
,

En
, ..,

Em] = basis for Va

Then St
,
), .

.

., (En , Ou)
,

Con
,
e), . .

.,
18

,
Em)] forms

a basis for V,XV2 (where 5
,

is the zero in VI

2 is the zero in V2)

(Check ! Exercise



Remark:
· For finite-dimensional vector space ,

direct product can

be considered as direct sum.

Consider X = Y
,

X Yz where dim (4) so

dim(Y2) < *

LetXI :Y subspaceofa

(where 5
,

= zero rector in
Y
:

= zero vector in Yz (

Then : X = X , # X

= Y
,

X Y



&

Remark :
· Consider X = IR

-

= S(a , as
,

as
,

... ) : @ifIR) = RXIRX/RX ..

Then : dim(X) = 0.

Consider : X1 = 5(91
,

0
,

0, .... ) : a , EIRY ;

Xa = 5(0 ,
92

,
0

....
) : azE/R3;

i

Xi = &(0 ,
0

. . . .,
Ai

,
0

... 0) : aiEIR]
:

Define : X .DX20X30 ...

= Ex = Xi +Xi +... t Rip : Xije Xij ,
keINY

.

Then :

X# X . 0 ...

= [(a , ... , 9k
,

0
,

0
, ...

) : diEIR
, KEIN] CIRXIRXIRX ...

Direct productI Direct Sum

· Direct product = collection of infinite sequence

· Direct sum = collection of finite sum/finite sequence.



QuotientSpace

Definition : Let V be a rector space over F and let W be a subspace

of V
.

Let WeV .

Define :

-

v + w = Ev + v : weWY

i + W is called

Remark : E in + W .

" set of WinV

&

Definition : Theeet V/W (called VmodW) ,
is the set

defined by V/W = 5 + W : e V

(collection of cosets of W in V.


