
Lecture 2

Theorem : LetV be a rector space.

Let GCV be a spanning set for
V consisting ofn rectors.

and LCV be a linearly independent subset consisting of un vectors.

Then
,
M&n and EHCG consisting of exactly n-m rectors

such that LUH Spans V.

Replacement thm)

⑭G



Dimension

-Coo1: Let V be a rector space having a finite basic.

Then
, every

basis of V contains the same number

of rectors.

If : Let B and O be two bases of V.

Since & spans V
and J is lin . independent,

then 18111B) (by replacement Thm)

v
Similarly , 181-181⑭OUR

Linea
=> 10) = 191 .

8
Spanningeet

independent



Definition: A rector space V is called finite - dimensional if it has

a finite basis. The dimension of V
,

denoted as dim(V),
-

is the number of rectors in a basis for V.

A rector space
which is not finite-dimensional is

called unfinite- dimensional

Example : ·
FV is n-dimensional

· FIR
,
IR) is infinite - dimensional



#irect Sum : Let U and W be subspaces of V .

- -

Then : U + W = EX + y : XEU and yeW] is also a

subspace of (Check !

Definition : V is said to be the direct sum of U and W,

denoted by V = UOW if V = U + W and UnV = 33.

Lemma : V = HOW iff for VEEV ,

E ! Vectors EU and

we W -> v = u + T

I of : () If JeV ,
then = = i + To for some wEU and

we W
(1 : V = UW)

For uniqueness, let = n
, + w , =2 + 22 - E == =z

--

Then : u
,
-2 = Wh - w , UnW = 583:

2
- To ,
= = To . En



(E) V = U + W is obvious .

Now , let ECUnW ·

! and - =att

Then : E = E + t = 0 + E => n =5 and w = -

A ↑ i Y => z =
0

.
U w

i Unw = G3



-Projectionoperators

Definition : Suppose V = UW .

Define : P : V-U as follows :

For any EV
,
write % where he U and NEW

Then : define : P(v) = i

&

Remark : 1. P is well-defined

2. Pop = P



Definition V is said to be a direct sum of subspaces

Us
,
Uz
....,

UK
,

denoted as V = U, U20 ... UK ,
if for

VeV
,

El vectors ielli (1ik) -= + E2 +... +M

&Remark : · U , 0 ... Uk = ( . - . ((U,U2)@Uz)0 ... UK)

· V = U , Uz0 ... Uk iff :

①V = U , + 4z +
. ..

+ Uk

②
UrnZi

= 53 forI



Ximensionof direct sum

Theorem: Let V be a finite-dim vector space . Us
,
Uz, . .,

Um

are subspaces of V .

Then :

dim (U, Hz0 ... Um)
dim(i)


