
Lecture 15:

-Pandorrector space over F . An interproduct

on V is a map <.,:
VxV-F sit . V,, EL

and CEFs it satisfies :

(a) < x + E , y)
=(x , Y) +2

,)

=
(d) <,* > To if O

YR



· Let V = C (10 , 13) be rector space of real-valued continuous

functions on [0 . 13 .

Then : for f, geV ,

If
, g) defS fitig(t) at defines an inner produced

on V.
(F = IR , 4)

· Let V = Muxn(F) .

For A , BeV ,
we define :

sum of diagonal entries.

< A , B)
dettrB* A)

where B
* is the conjugate transpose of

B defined by :

B
*
= TT



For A , B , C EV and XEF
,
we check :

(a) <A + B , c) =
tr(C

*
(A + B)) = tr(C

*
A + C* B)

= +v((* A) + tr(C* B)

= <A , c) + < B, C]

(b) < XA , B) = fr (B
*

(xA)) = tr(X(B
*A)

= X + v(B
* A)

= x<A , B)

(c) [B)=r(B* A) = tr() = tr(BTE)

Tr (C) = Tr(CT)
=

tv((BTE)T) = tr (ET (BIT)
= tr(A* B) = < B,A)



(d) < A , A) = tr(A
*
A)= A

*A)

= (inA
* T

=A
< A , A)= Am 70

and < A , A)
= 0 iff Ari = 0

FR
,

i (i . e .

A = 0)



Definition: A vector space V equipped with an inner

product is called an inner product space.

If F = D
,
we call V a complex inner product space.

If F =/R,
we call V a real inner product space .

~



Preposition : Let V be an inner product space . Then , V ,JEE

and XCEF , we have :

(a) < x, j +=)
= <, ) + < , E)

(b) < x , CY) = < < X , 5)

(c) <x , 07
=
<
,
%) = 0

(d) <x, x) = 0 iff T = :

(e) If <, Y) = < Y,E) for
FYEV

,

then Ye

~



S
= <X

,]
(c) <

,
) = <

,
+) = <

,
07 + 7

,8)

So
,
<, > = 0. Similarly , <, * = 0

(d) If = 0 , then <* = o by (C)

If to , then <*,*> O by definition,



S

(e) If <, 7 = < , E] for all YeV .

then < F
, Y - E) = 0 X * EV .

In particular , we
can

choose * = Y - E.

Then : <Y -E , y -ET = 0 => Y - E = (by(d)

=> y= .

Remark: (a) + (b) together say that the
inner product

isConjugatelinear in the second argument.



-Definition : Let V be an inner product space. For YEV,

we can define the Length or mom of * by :

I* II : jx, >
Proposition : Let V be an inner product space over F

.
Then,

XX , Y EV and XCEF , we have :

(a) llcEll = 1c1 . 15

(b) ll* /I = 0
,
and 11*11 = 0 iff = =

(c) ( *, Y3) - 11/1511 (Cauchy-Schwarz Inequality

(a) 11 % + Y11 =I
(Triangle inequala



Pot (a) Ic* I=) =E,
Il

1c)2
=I**> = KCII * II .

(b) l* 11 =F**>= 0 (by definition

l /1 = 0 E) <X, ) = 0 iff
x = 8

(C) and (d) will be
shown in the tutorial.



thogonality t be an inner product space . We say*, EV

are othogonal (or perpendicular) if <*,)
= 0

A subset SCV is called orthogonal if any two
distinct

rectors in S are orthogonal.

Amitrector in V is a rector EV with IE11 = 1
.

A subsetSCV is calledhonormal
if S is orton and



e . g. LetH be the space of continuous complex- valued functions

on [0
,
25]

.

We have inner product defined by :

< f
, g)def F(t)Ttdt for f, get

For any ne
X integer let F

fult) = e
intdef cosnt + i sinnt for teto,2)

and consider S = Efn : n23 CH cos(m-n)tdt
+ Sin (m-ntat

For any
mEn

,
we have : def / 25

at=)em
-

(fmifu)=int intact ↑
= 0



Also , (fn
,
fu)=int at = 1

e-int

i . S is orthonormal subset of H.



Definition : Let V be an inner product space. A subset of

is anthonormalbasis for V if it is an ordered basis

which is orthonormal.

Proposition : Let V be an inner product space and S = E ,, ..,

be an orthogonal subset of V consisting of non-zero rectors.

Then : V = Span(S),

=



Prof : Write 5 :Bairi for some al
,
az ...,

akEF.

Take inner product with j on both sides gives :

<5,j)=<j = aj,
GleiEf, in additionabove,S

is orthorn ,a



Zolays:Lets beanorthogonal subsetofaninnerrocas
independent. Span([ , --,3)

Ref : IfDavi = to for some o , ..., RES and

91
,
az

, --,
9kEF,

By previous proposit p = 0 for i, ..., t
yAi =



Prop : Let V be an inner product space and Sn = Ev, ..,013

be a linearly independent subset
of V . Define :

Sn' = SE
,
:

, ...,
win3 where E ,

= E
,
and

for=2, . . .

, ,

dett
Then : Sn is orthogonal and Span(Su') = Span(Su)

- -ce , where
=


