
Lecture 14: Recall :

Definition : Let T be a linear operator on a vector space v.

A subspace WCV is called
T-invariant if TCW) = W.

That is , TCWEW for VWEW.
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a rectors,a
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TY*
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(TkdeTo
is called T-cyclic subspace

of V generated by X.

Pep: W is the smallest T-invariant subspace of V

containing X
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- W is T-invariant.

If U CV is a
T-invariant subspace containing

then : it also contains TC) and T"(* ) by induction,
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Example: · For T : PLIR) -PCIR) defined by T(f(x)
= f'(x)

then T-cyclic subspace generated by X" is :

Span(x2 ,
nx+, . .

-

,

n ! X
,

n !]) = Pn(IR)

· Let T : V-V be linear
. Then ,

a 1-dimensional

T-invariant subspace UCV is nothing but the span

of an eigenvector of
T

.

(2)U
= 1- dim T-invariant subspace.

Then
,
U = Spans] .

Then : THE U
=> TC) = X .

i. = eigenvector

↳ of
T

.

Also ,
if EEV is an eigenvector of T ,

then T-cyclic

subspace generated by E is also spand
. /=S,T .. 3)



⑭
Def : TIwWeW defined by TIw() = This

Silw(t) divides S
+ (t)



=V= V

Remark: Let T be a linear operator on a finite-dim rector

Space V ,
and let WCV be a T-invariant subspace-

Then ,
the restriction of T to W

,
denote it by Thw : W + W,

is well defined and linear-

Proposition: [Tr(t) divides f + (t).

Prof: Choose an ordered basis U = E
,
2

, ..,
NR3 for W and

for V .

Then :extmeanda
I



f+ (H) = de+f)[TB) - + I]
= det)[Trlu-tIn3 Inc)
= det )[Tw]o-tIn)CtIna
= f Tw(t) g(t)

i
- fiw(t) divides f + (t)



Theorem : Let T : V - V be a linear operator on a finite-dim

rectorspace V and let WCV be T-cyclic subspace of V

generated by =V
.

(W = Spans ,
TC)

,
TYE) , ... 3)

Let K = dim(W) .

Then :

(a) Ev
,

TY
,
TE, ..., TRICE)] is a basis for W

(b) If Go + a .
T() + ar TYCE) +...+ Ar+Th

+
(E) +TE)=-

then the characteristic polynomial of Th is :

f+w(t) = (- 1)k(a0 + a , t +
G2t2 + .. -

+ am+ +
k+
+ +k)



Roofi (a)SinceTut,thendb is linearly independea

B = S
,
TCE) ,

...
,
TECE)] is linearly independent.

Such jexists because V is finite-dim.

Let Z = span(s) .

i zCW z

Then, U TCCE) is linearly dependent
. in ToE) - Span(B)

TUCE eZ.
L .
I .

Now ,
let wez .

Then I bo ,
b
, . . ., bjy EF sit.

= = bou + b
,
T(E) +... + bj+ T

+ (5)eE
uZ

uZ
T(2) = boT() + b , TY) +

... + bj TJ
+

(v) + bjT)ez
zu



If we z
,
then TC) =Z.

i Z is T-invariant containing.
subspace

i WC Z 11" W is smallest T-invariant (
- subspace

containingI
LI

Tcyclic subspace
containing i

L .
I.

i W = z = Span(it)

i-B is a basis of W and j = k.



(b) By (a) , B = &E ,
TCE), ... , Tht] is an ordered

basis for W.

Letdo, ...,
AKtEF S .

t.

ao + a,
Tc) +... + am+ Th(E) + Th(E)=

=> Th(v) = - av - a ,
T() ...

-+Th
+)

Then : [T(p = (AcEp FCTile ...

(This
I

I

I I I
= ( )



Fr - In a(
Il

(1(k(90 + a-t + ...
+ am+ th

+

+k)(HW)



Theorem: (Cayley - Hamilton) Let T be a linear operator

on a finite-dim . Vector space V and let f(t) = f + (t)

be a char poly of T .
Then : f(T) = zero transformation.

(Char poly "Fills"
the linear operator T

&
Remark : f(t) = dol + dif+

act +.. + Anthe

f(T) = aol + a ,T + azT+ ..

+ anTh



I

Proof : We want to show F(T)() = % for all EV.

f(T)() = 5 (1i f(T) is linear

So
, suppose
# 5 .

Let W = T-cyclic subspace generated

by :

Let k= dim(W)

By The we
have shown last time :

= 90
,

a, ...,
Am+
EF such that :

· ao + a ,
T(v) +... + ah+

Th+ ) + +&(E) =T

S · g(t)fTw = (1)
* (20 + a ,t+ .. . + amtk+th)



· ao + a ,
T(v) +... + ah+

Th+ ) + +&(E) =T

S · g(t) f+m = (1(k(a0 + a ,t+ .. . + abeth+th)
H

g(T)(2) + T

Now , g(t)/f(t) implies Eg(t) s .

t . f(t) = g(at)g(t)
↓

8

i f(T)(E) = g(T)) = 8
F(T) = g(T)g(T)

q(T)og(T)



rollaryLet AMF)and fbeita
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-Productandorrector
space over F . An interproduct

on V is a map <.,:
VxV-F sit . V,, EL

and CEFs it satisfies :

(a) < x + E , y)
=(x , Y) +2 ,)

=
(d) <,* > To if O

YR
~



Remark: · (a)
,
(b) say that the inner product is linear

in its argument.

· If F = IR
,

<*, 7 = <5 ,*

Example :
· For X = (91

,
az , ...,

an) , Y = ( by
, by , --

,
bu) EF
(F= (R , 4)

We have : standard inner product

,ydefa
·
If >0

,
07 is an inner product on

V
,
and 130,

then :<, ) : r<*, > is
another inner product

on V
.



· Let V = C (10 , 13) be rector space of real-valued continuous

functions on [0 . 13 .

Then : for f, geV ,

If
, g) defS fitig(t) at defines an inner produced

on V.
(F = IR ,

4)

· Let V = Muxn(F) .

For A ,
BeV

,
we define :

sum of diagonal entries.

< A , B)
dettrB*

A)

where B
* is the conjugate transpose of

B defined by :

B
*

= TT


