
Lecture 13:
Recall :

ItheoremLetTblinearoperatoronafinitedimensionae
Let X1

,
12, ...,

1k be distinct eigenvalues of T

.

Then :

(a) T is diagonalizable iff : M+ (xi)
= U+
(Xi)

for i = 1 ,
2, .., k

(b) If T is diagonalizable and Bi is an ordered basis

for Exi for each i, then =

B : = B , uBz ... uBk is

an ordered basis for V consisting of eigenvectors.

(so that [TJp is a diagonal matrix)



Prof: Write n = dim(V)
,
and Mi = M+ (Xi) and di = 0+ (i)

for all i .
dim(Exi)

Suppose T is diagonalizable and B is a basis for V consisting

of eigenvectors of
T

.

le . g . Be,in ,
isEs

, ... enb
⑮

For each in let pi = BrExi and Nice Bi
Then : Mi < di = dim(Exi) (1 :Pi is (in . independent)

Also
, di Mi

So
, we have nisdismi for all i.



S
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· n =i dimi = n = dim(V)

dini=
di

=> di = ni for all i.

midi =mid
dim(Exi) => di = Mi for all i.

11

in Mi = di = Mi for all i

(So
, Bi is a basis of Exil



Conversely, suppose mi = di Fi.

For each i
,
let pi be the

ordered basis of Exi

and let B = B , uBz ... upk

Then : from previous proposition,
we know p is Linearly

independent.
R

But #= di = mi = u = dim(V)

Il i B is a basis for

of eigenvectors

dimLExa) i T is diagonalizable.
2)

11 dk
a de



Example : Let T : P(IR) -> Pz(IR) be defined by :

T(f(x)) = f(x) + (x+ 1)f'(x)

Then : A : = [T]p = (02)
where B

= 51
,
C

, x*) = Standard ordered basis for PLLIR).

: the char - poly
:

Idet (A - + [s) =
def(it- CHitz-ts(3-t)

1U MTS 3 8+ (1)
= M+ (1)

=> Diagonalizable
UT(2) = MT(z)

(U + (3) = M + (3) = 2 Vi(z) = M+ ()



= IT]p

N(Is) =N() = Sa( :ER
[T - 1[v]s EIR3

=> El =

N(T - 1[v) = Gal = at IR] Pz(IR)

Similarly ,
N(A-223) = N2) = (a(b) = a < 11]

Ez = [a((+ X) = acIR] < P2(IR)

Es = Sac) = a EIR
IR3 IR
↑ ↑

B = [1
,
1 +X ,

(1 + X(2] is a basis

P2(IR)
I

s PuLIR)

of eigenvectors for V.



Example: For A = (30) = M3x> (IR)

Falt) = - (t-4)(t =3) splits over IR.

U+ (4) = M+ (4) = 1

But rant
(2) = rant (80%) = 2

(R + Niy() = 3)
1

Va(3) = 1 + Ma(3) = 2

T is not diagonalizable.



Example: Consider T : PCIR) -> PzCIR) defined by :

T(f(x)) = f(1) + f(o)X + (f((0) + f (0))x

Let B= E1 ,
X

,
X23.

[Tip = (0)2) = f+ (t)
= - (t -1 (t -2)

splits over IR.

and the eigenvalues of Tare 1 and I.

i 0 + (2) = M+ (2) = 1.

Rank ([T]p-I) = rank(d) =1 U+ (1)
= 2 =M+1

in T is diagonalizable.



For ITJp ,
the eigenspaces :

Ei = [(*)( (R = xz+ x = 0) = span(i)]
Basis

En = span()]
S(0) , (i),Bas is a basis of eigenvectors (of [T]p)

for IR?.

1
. 91 ,

X-XY IX'] is abasisof
eigenvectors (of is



Definition : Let T be a linear operator on a vector space v.

A subspace WCV is called
T-invariant if TCW) = W.

That is , TCWEW for VWEW.

Example: If T is a linear operator on V,
then :

583 is T-invariant

Vis -

(We RCT) ,
them : TCTC)

RCT) v
2/

Y
T(u) ERP)

NIT)
L

2/ (Ex ,
TC) = Xv

Ext EEx)
eigenvalue



· For T : IR3-IR3 defined by T(a , b, c) = (a+b ,
b + c

, 0)

then x-y plane [(X , Y ,
0) = X ,YER3 is T-invariant

X-axis 9(X ,
0

, 0) = XECRY is T-invariant

z-axis [(0 ,
0, X) = XEIRY is NOT T-invariant.

T((0 ,
0

, x1) = (0 , X , 0) zaxs



Def:Given
a

linear operatoron
a rectors,a

W : = span([T
"(E 1 = kEIN3) def Span(9 x, TC) , TY(E), . . . ,

TY*
.

-- 3)
(TkdeTo
is called T-cyclic subspace

of V generated by X.

Pep: W is the smallest T-invariant subspace of V

containing X


