
Lecture 11:

Recall:

-AnalSpace Let V be a vector space over F.

· v
*

= L(V , F) .

· Let B
= S1

,

En
, ...,

En] be a basis for V.

Then : B
* Ef

,
fu, ...,

fub is a
basis for V

* where

if i = j
5 : Ej) = 3 if its

· dim(V) = dim (V
* )

· 1 : V-V
** defined by liv)(f)

= fiE) where EEV and fer*

is an isomorphism.



&

Definition : Let T : V -W be Linear. The dual map (or transpose)

of T is the map T*: W
* -VA defined by :

↑* (g) = g(T) for all geW *
P

Proposition : Suppose V is fin-dimensional .

Let Su
,

2
, ...,
in]

be a basis of V
.
Let B

*Ef
, ...,
fu] be the dual basis of B.

Let T : V - W andO be the basis of W
.

Denote the dual

basis of 0 by 84. Then :
(1) T

*
is linear

~ I w
(2) [I

*] (TT
B

Transpose of #
T Matrix transpose



Proof: For any geWt
,

T
*

(g) = got is linear.

. T
*

(g) is a linear functional online linear : T* (9) + V*

Thus : T
*

maps W
* to V*

T
*

is linear : T
*

(19 1
+ 92) = (g ,

+ g2)oT
= <g ,

07 + guoT = xT
*

(g . ) + T
*

(92)

Now ,
write

B = Ev
,

En, ...,
En]

W = Sw ,

Wa
, ...,

win]

B
*

= Ef, fz
, . . .,

fn]

8*
= 59. ,

92 , . . ., gn]



Let A = [T] = (Aij)

To find the jth col of [T
*&* we write :

T
*

(9j) as a lin .

combination of fi ,
fu, ..., fu

Now, T
*
(9j) = gjoT= (9jT) (ii fi

i the ith-row , jth col entry of [T** is given by :

gjoT(i) = 9j)Akii)
= Akigj(k) = Aji

: [T** A = ITI



Eigenvalue & Eigenvectors

&ef : A linear operator T : V- V (where Vis finite-dim) is

called diagonalizable if I an ordered basis s for V such

That[Tis adiagonalmatrixdiagonalizable if ais a

Observation : Say p
= E ,

E2
, . . . ,

En].

IfD = [TJe is diagonal , then EEJEP ,
we have :

(Did) T(j) = Diji = Dj = x

Conversely, if T(j) = XjE] for some X1
,
X2,

-- ,
QuEF

,

then : [TJp = (titi--) =(-



Def : Let T be a
linear operator on a rector space V/F.

A non-zero Vector EEV is called an eigenrector
of T

-

if XEF St
.

TCE) = XE
.

In this case
,
&EF

is called an eigenvalue corresponding to the eigenvector.

For a square matrix AtMuxu(F) , a non-zero
VectorF

is called an eigenvector of A if it is an eigenrector of LA.

That is : A = XE for some XEF,

X is called the eigenvalue corresponding
to the

eigenvector
E

.



Rop: A linear operator T : V - V (V = fin-dim) is diagonalizable

iff I an ordered basis & for V consisting of eigenvectors

of
T

.

In such case ,
if B = E ,

2
, -.,
En3

,
then :

[T]p = I
1

1x.n
where My is the eigenvalue of T corresponding toj.



Example :
· A = (ii) , p

are Al

Then :

[La]s = (10)
eigenvectors and B is basis.

· Let T : IR"+ /R be rotation by # in counter-clockwise

direction.
TI)

(Check : T = LA where A =(iv) i

Then : TCE) is always perpendicular
to

: For FEF ,
it cannot be an eigenvector because

:

TCE) #X for some XEF



Example : Consider T : COCIR) +> COR) defined by :

↑

Space of Smooth function

T(f) = f
/

are infinitely differentiable

Then an eigenvector of T with eigenvalue & is a non-zero

solution of : = x f(t)

E f(t) = ceXt for some constant C.

i all XEIR is an eigenvalue of
T

.



Prop: Let A-Mnxn(F) . Then XEF is an eigenvalue of A

iff det(A-XIn) = 0.

If: X EF is an eigenvalue of A

E) [cF" 1983 st .

Av =X

= (A -xIn) =
5

E A-XIn is singular

7 A-XIn is not invertible

= det (A-x[n)
= 0.



Def: The characteristic polynomial of A Muxn(F) .
is

defined as the polynomial fact) det (A-tIn) EPnCF)

Def : Let T be a linear operator on an n-dim rector space

V
.
Choose an ordered basis & for V

.

Then
,
the

characteristic polynomial of T is defined as the

characteristic polynomial of [TTB
.

(i . e. f+ (t) @det ([T]p -
+In) = PuCE)



Rp: f+ (t) is well-defined
,

i . e
.
independent of the choice

of B.

If If $' is another ordered basis
,

for V
,
then :

[Tzp
= Q [T]pQ(Q = [Ir]])

Then :

det ([T]s1 - +In) =
det (Q"[T]pQ-tIn)

= det )Q" ([T]p
- t[n]Q)

=

de det(IT-tIn de
= f+ (t) .



Prop: Let At Muxn(F) .

Then :

· fact) is of degreen
and with leading coefficient

(-1)"

· A has at most n distinct eigenvalues.

If: Exercise

Lef: A polynomial f(t)EPCF) splits over # If I

c
, a 1, az , ..,

an EF Sit . f(t) = ((t-al) (t - a2) ... (t-an)

Pop: The characteristic polynomial of a diagonalizable

linear operator on a finite-dim vector space V/F

Splits over F.



I If V is a n-dim and T : V-V is diagonalizable,

thenI a basis pCV Sit.

[T)p = (
*

y... x)
Then : f+ (t) = def([TJp --In)

= (- ()" (t - X , )(t- 12)
--

. (t - xn)



Remark :

· Let T be a linear operator on a vector space V and

let X be an eigenvalue of T .

Then ,
JEV is

an eigenvector of T corresponding to X iff :

- N(T - XIv) - 583
-

· Next time : We'll discussLegenspace of T corresponding to X :

Ex: N(T-XIv) = ExeV : TI) =**] v


