
Lecture 10:

-AnalSpace Let V be a vector space over F.

Definition : A linear functional on V is a linear map J : VeF.

Remark : A linear functional belongs to L(V
,
F).

Definition : The dual space ,
denoted by V* , is the space of

all linear functional on
V

.

That is
, V* = &(V , F) .

Proposition: SupposeVis finite-dimensionalLet us
Si bysetting : Fi(j) = 3 ! i it
Then : [fc

,
fz

, ...,
fu 3 is a basis of V *, called the dual

basis of [ ,
Ec
, ..., En ] .

·

in dim(V) = dim (V
*)



Iroof: Efc
,
fr
, ...,
ful is Linearly independent.

Suppose : a ,
fi + arfu +... + anfu = 0 zero functional

For each Ei,

(a , f , +. .. + anfu)(fi) = 0 => aif , (vi) +... + anfu(vi) = o

=> ai = 0 .

i
. Efc

.

fa
, ...,
fu3 is linearly independent.

· Span ([fi , fu , .. ,

fu 3) = V*

Let f +V *. Suppose f(vi) = bi.

Claim : bif , + bufz +... + bufn
= f.

Check : For each vi,

(b , f , +... + bnfu)(i) = bifiti) = f(vi) = bifit ...+ but =f.



Example:Lex be the
ordered basis for Pra

Ef
.,
fr

, fz 3

Then : 1 = f , (1 + x) = f
,
(1) + f , (x)

0 = f , (1 - x) = fi(k) - f , (x)

0 = f , (xY)

Solving :
we get f , (1) = 1 ,

fi(x) = & ,
fix)=

Thus
, f , (a + bx + (x) = af , (l) + bf(x) + c f , (xY

= a + b

fz and by can be computed similarly



Remark: · dim(V) = dim(V
* )

,

:V is isomorphic to V
*

fin-din

· V
**

= (
* )
*

= dual of the dual space

Reposition : Suppose V is findin. The map l : V
+ V

**

defined by(1)(f)f(E) is an isomorphism.

**
Proof: I is linear because : Let

J
.,
EztV and a EF. For all felt,

1(av ,
+ =u)(f) = f(av , + =2)

=af() + fiz) ( if
is linearl

= a l(vi)(f) + l(z)(f)
= (alc) +11())

:
. 1(aw ,

+ =) = al() + l(v)
.

To prove that I is an isomorphism , we can just show

that ↓ is 1-1 (Since dim(V) = dim(V
**)



Suppose ((E) = 0 in U**

=> liv) (f) = 0 for all fev*

Then : f(r) = 0 for all feV*

The only possibility is : =
%

.

gif Fo , then construct a basic L ,
En

,
--

,

n].
Define - - f(u) = 1 and f(j) = 0 for jez, ... 4)

: Null (1) = 383
. Thus , I is 1-1 and onto.

(isomorphism)


