
Definition of vector spaces: Try to think about some examples of vector spaces
Definition of subspaces: Try to think about some examples of subspaces, why is it 
important?
What is the linear combination? What is a Spanning set? What is linearly 
independent? What is the intuitive meaning of linearly dependence? How to check 
linearly independence?
What is the definition of basis? What is the meaning of dimension?
What is the Replacement Theorem? What is the geometric picture of the theorem?
Try to recall how we can compute RREF? How to compute inverse? How to find 
the solution set of a linear system? How to determine the dimension of the 
solution set? What is null-space? What is column space?
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Lecture 1: Vector spaces
Field
#Definition: A field is a set F along with two binary operations :

- (addition) and (multiplication) such that :

· For XX , y (F ,

X + y = y + X and X. y = y . X

· For FX , y ,
zEF

,

(X + y) + z = X + (y + z)and(X . y) + z = X . (y - z)

· For XX , y ,
zeF

,
X . (y + z) = Xoy

+ X . z

·I ! element OEF 7 XXEF
,

X + o = X

· E ! element 1 CFG XXEF ,
X . 1 = X

· For XXEF ,
I an element (-X)EF =X

+ ( - x) = 0

· For XXCE (excluding X = 0)
,
I an element X

* EF - X . X" = 1

Remark: · We often write xy for X-Y

· If F is finite
,

we say it
is a finite field



Examplesof field

1 .
F = IR 3 Most often considered in Math 2018.

2
.
F = C

3. F = & Rational numbers] = &4/q : P , -23

4. Finite field of order p (where p
is a prime number

Define Fp = 50 ,
1

,
2, ....

P-13 and + %o are defined as :

+: for XX , YEFp
,

X # Y
are performed modulo p.

That is
,

X + y is the remainder of (x +y)/P

·: for XX , y , EFp , X . y is the remainder of X - Y/P.

F2 = 30 ,
13 is the binary field (important for information theories)



Vector Space-

Goal: Build an abstract space (space of objects) simulating

IR" orDh (with addition and multiplication (scaled)

Definition : Avector space over F is a set V equipped w/

two operations :
↓ N

(addition) +: VXV -> V
,
(Y, j) ++ * +je

(Scalartiplication) o : FxV + V ,

(a ,
Y) + av

#

satisfying 8 properties :



(VS1) : X + = i + * XX
,jeV

-

S(S2) = (x+ j) +E = X + (ij +z) V*,y ,
EL

t (VS3) : I Ev Sit. Y + = Vev

(vs4) = V * eV, IjeV sit . +y = (inverse)

(VS5)( = 1 * = Ver

#& S (vs6) = (ab) * = a(d Y ) Va ,
beF, EV

=
(VS7 1 : a (x + j) = a* +ayFa EF ,

Y
,je

Y
. S # v

(VS8) : (a + b)x = aY + bYVa,
beF

,
Ye

&

Remark : an element in F is called acalar
an element in V is called Refor.



-Examplesof vector spaces
· F = [(X1 ,

X2,
, . . .,

Xn) = XjEF for j = 1
,

2, .., n3 w/

(X1 ,
Xz

, --, Xn) + (y1 ,
- - -

, yn) = (X, + Y, , - ,
Xn + yn)

a(X - . - ., Xn) = (aX)
,

aXz
,

- ..,
aXn)

· Mmxn(F) = Emxn matrices w/ entries
in F3

w/ matrix addition and scalar multiplication

· PCF) = & polynomials w/ coefficients in F3

w/ polynomial addition
and scalar multiplication.

· F
*

= E(X 1,
Xy

,
. . .

) = XjeF , j = 1
,-- 3

w/ component-wise addition and scalar multiplication



symmetric
· Symnxn(F) = Euxn matrices AW/ entries in F =

T
= A)

· Let S be any non-empty set.

Then :

F(S ,
F) = & functions 5 : S + F3

is avector space over F under :

(f +g)( f(s + g(s) ; (af)(s)a fis).-

A

F(S, #) FIS,F) F

· I is a vector space over F = C,

Question:IS Va
Vector space over F = C?



· Consider the differential equation :

(x ) + a + by =
0(a

,
b + IR)

Let S be the set of twice differentiable functions on IR

satisfying ( *).

Then S is avector space
under usual addition and

scalar multiplication is a rector space,



Proposition : Let V be a rector space over F
.
Then :

-

(a) The element o in (VS3) is unique ,
called orector

(b) X * EV
, the element in NS4) is unique ,

called

the additiveinverse (Denoted as -*)
--

(c) X + z =J + E = k = T / Cancellation law)

(d) 0x = XXV
F

(e) (a)x = -(ax) = a(-x) ,
FacF

,
YeU

F

(f) a = FaeF

#



Subs A subset w of a rector space
V over a field I

is called a subspace of V if W is a vector space over E

under the same addition and scalar multiplication inherited from V.

Proposition : Let V be a rector spac
V over F .

A subset war

iff the following 3 conditions hold :

is a subspace

(a) On eW

(b) reW ,
XE , JeW (closed under +)

(c) aYeW ,
FaeF

,
YeW (closed under



Examples : For any
vector space VIF /

53cV ; VCV (trivial subspaces)

ze' subspace

· For V = MaxnLF),

Wi
= Ediagonal matrices]

CV subspana

Wz = 9 A c Muxn(F) = detCA) = 03 CV is not

a subspace.

Ws = [AE Muxn(F) : trCA) = 03 a v

subspace



· For V = PCF)

Pn(F)f[fEP(F) = deg(f) <n3 is a subspace

W def & feP(F) = deg(f) = n3 is NOT a

subspace



· Consider V = F" = E(X ,
X2

, .., Xn) = XjEF for j= 1 , 2
, -- ,]

1/
- T
X

Conside linear system :

an , x1 + 9 ,2xz + -
..

+ amXn = b,

---

S 92, X1 +
S

'

-> GenXn = bz
( Ax =T

i

amiX+ amz Xz +..
-

+ Ama Xn = Im

givns a subet
,
the solution net SCV

Is S a subspace ? No in general.

Yes only when 5 =

%

.



Theorem: Any intersection of subspaces of a rector space v is

a subspace of V.

Question: Wi = subspace ; Wa = subspace
-

S
H V

v

W , nWz is subspace

Is W , vW2 a subspace ?? No in general
S

V



#



-Linearcombination and Span

Definition : Let t be a
rector space over F and SCV a

non-empty subset.

·We say a rector EV is aunearcombination of rectors of S

if F
,
G2

, ...,
YnES and Al

,
G2, ...,

anEF such that :

~ S

v = a , u , + aztz +... + Anth.
-

Remark : ~ is usually called a linear combination of is , -. .
the

-

and a,, ...,
an are the coefficients of the linear combination.

· The san of S ,
denoted as Span(S) , is the set of all

linear combination of rectors of S.

Span(s) & Gain+ aztet ... + antn : ajEF, YJES for JE,.,-

nE IN3



&

Remarki
. By convention , Span (4)df 53.

empty set

e . g. 1 E Span(1+ X
, 1 - x 3)
#
X



Example :

· F" = Span(S ,
En

, .., En3) where Ej = (0 ,
0, ..., 0 --0

jth
· P(F) = Span([1 ,

X
,
X

, ..,
x

, .

-
- 3)

· Muxn(F) = Span (S) (

1jth
E

O O- --

: ith :
1 i , jan 3S = [Eij(d1

· Given (a) , n = () , ...,(!and

any

Then : E Span (E ,
in

-,
in 3) iff

All X1 + 912X2+... + AinXn= U,

92,XI + --
+ 92nXy zUz

e

"Wil has a sol. an, XI +--

i
-> AnnXn =On



Theorem: Let SCV be a subset of avector space V over F.
① ②

Then
, span(s) is the smallest subspace of V consisting S.

(If W is a subspace containing S ,
then span(s)<W)

⑳
-



-Linearindependence

Definition: Let V be a rector space
over F .

A subset SCV is

said to be linearly dependent if I distinct
i

,
2, ..,

neS

and scalars as
,

an
,

--., an EF, not all zero ,
sit.

- -

a . u .
+ azz+... + Anun = o

Otherwise
, it is said to be linearly independent.

e .g. The empty eet &CV is linearly

· If JeS
,
the S is linearly

· If S = Su] and it
,
then

S is linearly independent.



-Proposition: Let SCV be a subset of a vector space v.
.

Then,

the following are equivalent.

(1) S is linearly independent

(2) Each E span(s) can
be expressed in a unique way as

a linear combination of rectors of S.

(3) The only representations of as linear combinations of

rectors ofS are trivial representations, i. . e ., if

= a ,u, + ...
+ an@n for

-

Some -

u1
,

un
, ...,
FinES

,
al

,
An

,
--

,
anEF

,
then we

must have a = Az = -- -
= An= O



Example :
· For R=0

,
1 ,

2, ..,
n , let fa(x) = 1 + X+ x+ .. . +x*

Then : S =Eff ..., fu(x13 [PnCF) is a linearly

independent subset.

Exercise.



Theorem: Let S be a linearly independent subset of a rector
space V.

Let EV - S. Then : SuSE3 is linearly dependent iff
8 Span(s).



Definition: A basis for a vector space V is a subset BCV
such that :

· B is linearly independent and

· & spans V ,
i .

e. Span(p) = V.
i-+h

↓

e . g . F" : S = (1 ,
0
, ...,
0)

,
E2 = (0 ,

1
,

0
--- , 0) , ...,

i = (0, ..,
0

,
1
,
0

- -0),

is a basis for F" ..., En = (0
,

0
,

---, 1)]
(Standard basis

· Maxi(F) : [(6) / (b) , (i
_2) , (ii) 3 < MaxiLEl

is a basis for Maxi (F)

· [1 , X
, X& .., x3 is a basis for PuLF)

· 91
,

X
, X3 --- -] is a basis for PCF).



#heorem: Let V be a rector space
and $ = E, 2, ...,

in 3 CV.

Then : S
is basis for V if and only if : VieV ,

E ! (unique
(for all) (in) (there

al
,

az , .., an F such that :

+

=a ,
it

,
+ azz+... + anten,



Lemma : Let S be a linearly dependent subset of a rector space V.

Then : EvES such that Span (S1(3) = span(s).

Theorem : Suppose S is a finite spanning set for a rector space V.

Then : EBCS which is a basis for V .
I

(A finite spanning set can be reduced to a basis)


