



































































































































e.gIf Volume ofEllipsoid
D x y Z It a b c 0

Sohn
2 41

a
y

c y b 1

Bysymmetry we can consider the 1ˢᵗ octant only and

Vol D 8 volume of D in 1ˢᵗ octant

I It de dy dx

479b optional exercise

In fact we will have a better way to calculate

this volume by change of variables famula later

egl Find the volume of D enclosed by
Z X 3y and Z 8 X y






































































































































Sohn
z x43y 2 8 yellipse

parabola

circle

8
parabola

0

These2surfaces intersect at

1 14
the curve given

In 435 7 8 yR 2

yes with projectiononto the
g 14

I endosedbythe
xy planegivenby

25 4
ellipse 2214 whichis aellipse

D IX Y ER x43y z 8 x2y
3142546

2 2 141 95 42
2

x43y z 8 x2 y

i void t.dz ago

1 45 4 dx check

8712 check






































































































































Forthose interested the intersection space curve in parameter

form is

zest y Jesuit 2 4 2Amit O t 2T

egio Evaluate SI 49 dxdydz

Sohn

f 49 dxdydz

I f f.jo sdxdy dz

f fjcoXsdxdy 1 dz

Trotti double integral overthe region

it
0 2

By Fubini's Thm

5 S 49 dxdydz

f f cook'sdydd f dz






































































































































Sics Sfa d Sir

S I ask dx S dz

2 sñ4 check using integration by parts

ega let B base be a nice subset of IR

Let come in with base B

on xy plane and vertex

0,0 h h2o

0,9h
D

Be Dn horizontalplaneatheight z

Besimilar toBᵗ

How to find the volume of D

Answer Bytheconceptof Riemann sum

VolD Area Bz dz fÑBaoz
0

ratio of heights 1

ratio of areas Area B 1 by similarityArea B






































































































































VollD 1 Area B dz

AreaB c dz

AreaB check






































































































































Cylindrical Coordinates in 1R at

r G polarconditiatesfor x y z
the xy plane
rio r y

z rectangular vertical

coordinate

Then a point P Xy z can be representedby
8,0 Z where

root

y rsino
z z

And r 0,7 is called the cylindrical coordinates for IR

x ̅Remark1 Let c be a constant

r C CSO

describes a cylinder r c s

D C OE 2T 4

describes a vertical halfplane

Z C describes a horizontal
y

plane as in rectangular

4coordinates
















Remark 2 Wecan definecylindrical coordinates inother directions

e.g X x
r Ex drawthecylinder r C

11in
Volumeelement

dV dxdydz
w

r do dz dz If
d or

do roo

orderofthe integration can bechanged

egzz see alsoeg24 Ify E
Find the volume of the
Ice cream cone I given 1 5 1 radius

as in the figure
T Z Jtr

Soln fixed
if i

e

Fubini'sThm E
t

Vol If I dz idf
don'tmiss their

2T Fr f rdr Is check



Spherical coordinates in 1R
reprint

19,0 where
791050 P XYZ

p distance fromtheorigin y

920

anglefrom the positive

z axis to Op O T

angle from cylindrical condinate

O 2T

Remark If r Z is the cylindrical condinatesofthe
r paint 9.0 canberegardedpoint P then
z pop aspolarcoordinates

of the 12,8
coordinates

In particular z r p

Then
rest psinguse

y r sino psingsino

z z post

rectangular cylindrical spherical



Remark If C is a constant then

y C Cso describes a sphereofradius c

0 C describes a vertical halfplane

C describes

the 7 axis if c o dec

l ve z axis if C T1

xy plane if C I
cone otherwise upward or CSI

downward Cat

Volume element

dV dxdydz rardo dz
pdp

ok fd If paintdo

ie IV paintdpd dt

eyes convert the following into spherical coordinates

1 X y z 15 1 sphere

2 Z 1 492 cone



Sohn I Sub paingoso
9 printsino
Z post

into 44 2 15 I

psin 6 p sii sin post 1
2
1

psing p650 2960

p 2pos

9 2601

2 Sub into 7 1 2
92 r

past psing p 0

9 0 is the point 100,0

9 0 as sing 044T

4 34

924 see egaz MEEEE
volume of ice creamcone I again Is
in spherical condinates

Soon The ice cream cone I is givenby

0 p 1 O 0 E O 2T



Vol I 55 I Sf t.psinddpdddow
donfm.ms's

55do f 3sintdo Sdap

Is check

925
fixy z 5 if xy 1990

0 if XYZ 0,0 0

Intact f is continuous but it issufficient to know f
is continuous except at the origin 100,0

let D unit ball centered atorigin intersectingwith

the 1st octant

Findthe average of f overD

Sohn D can be represented

in spherical coordinates

10440 0
O Q



And f x y Z 492
2 92 2

MYA 10,00

psing f 0 as p 0 fisctsato

Hence Ifta.si v ffsie fifif t

paiddpdodo

I side frap

I check

VolD Volcanitball f 45 I

Averageof f over D help tix9 2 dV

eg26 Improper integrals

let fixy 2 z f
both unbanded asp 0

g XY Z 1 49222 3

over unit ball B p0,0 04 1



i Does fm z dv exist

where BE p0,0 ogee e i

lis Does ftp fgxy z dv exist
Answer

lis ftp.ffefHM.zIdV lfoffff p'sinpdpdpdo
bso2T Sisinddo Sids

8 4TH El 4T
2T I 1

lil LESS gixy.zldv f.si ftp.isintdpdpdo
BIBE

Leo 4T Sdf 4Tbut
Doesn'texist

Terminology f issaidto be integrable over B
inthesenseof improper integral

9 43 is said to be non integrable over B



Question determine all β o such that

f β is integrable over BCIR

Similar question in 1R determine all β such that

f Ip is integrable in r ISC1R

even in IR f β



Application ofMultiple Integrals
In applications we often use the following

In 2 din Let R be aregion in 1R with density days

Firstmoment aboutyaxis My dexy da

First moment about x axis Mx yocx.SIdA

Mass M Ex g dA

Center ofMass Centroid

x y 79

In 3 din D solid region in 1R withdensity 81 9,7
First moment

about yz plane Myz XOX z dv

about x2 plane Mxz you y z du

about xy plane Mxy S zocxy z du

Mass M S SIXY Z dV

CenterofMass Centroid x y Z MY ME MY



In 2 din R region in R with density ocx.gs

Momentsof inertia

about x axis Ix 4251 197dA

about y axis Iy S x ox g dA

about line L IL Sf rexys OCXY dA

where r X y distancebetween X Y and L

about the origin 10 11 4 you y dA

In 3 dim D solid region in1R with density 81 9,2
Moments of Inertia

around x axis I f y
E Sexy 7 dv

around y axis Iy X E SEXY E dV

around z axis Iz x y CX y z du

around Line L IL S roxy Sexy du

where r x y Z distancebetween x y Z and L



eg27 Consider D r 7y z R
a

OSTER
D

with density 044,7 8

constantdensityfunction i e uniform mass
r R

Express Iz in term of m Mass of D r and R

Solu Iz
def 1492 sexyz dV

8 x y dV of f Ipsing paintdpd do

8 2H Sosñpdp S pdp

I 25 85 5 check

m Mass Rxy z dv 8S dv 8VollD

8 451123 r

Iz
3
Rr

Observation Two limiting cases

i r o i.e the whole solid ball Iz f R



i r R ie a hollow spheremade of

infinitesimally thin sheet

Iz life of_12 21 55 check

i Iz R

Moment of inertia of the hollow sphere
moment ofinertia of the solid ball

assuming the same uniform mass m


