
 

Finding Extrema Maximum Minimum

Def let
y
f A IR ACIR maynotbeopen
I EA

I I f is said to have a global absolute maximum at a

if fia 2 FIX V E EA

21 f is said to have a local relative maximum at a

if fia 2 fix V E EA near a

ie IE so sit flat fix VI e An Belal

3 Similar definitions for global absolute minimum and
local relative minimum bychanging the inequality

to f ta Efx

globalmaxatd localmaxata
means fia x
onthe whole A Gf

means flags fix
onlyholds inside

A if the ball

Remark Global Extremum Max min is also a

local extremum



egl f N IR
y

my

fat

max 44
Global

min X

I

Local
Max Xa Xa

min Xi 43 Xs Xi Xz 3 X4 45

Mm value G

Y

eg2 NOTevery functionhas global maximin

i fix e on R Domain unbounded

No globalmin fig fix O

R take o heyy yay

fate

sit fix flat

Noglobal max fix fix to

taek IXER Sit fix flake

dis fix x on C1,1 Domainnotclosed

rt X
Has global max at 1

withMaxvalue flip y
Easy b E

ite
but no global min tatty o

b E EG I Sit fib fla



O xty I

dis f Y
Ox

x s YI
discontinuous

y I 0

No global max and global min

Ex Similar argument as in is

Extreme Value Thm ENT

let A EIR be closed and bounded

f A IR be continuous

Then f has global max and min

Proof Omitted

Remarks I compact closed and bounded

2 The Thm is a sufficient butnot a necessary
condition

Def let
y
f A R A ER notnecessaryopen
de Int A

Then I is called a criticalpoint of f if
either 1 Tf tal DIVE doesnotexist

or 2 If lato

ie either Ex It DIVE forsome it n or Eilato faall it n



Thu First Derivative Test

Suppose f A IR ACR I attains a local extremum

at at IntlA then I is a critical point off

Pf Suppose f has a local extremum at de IntlA

If Ff a DIVE then a is a critical point

If Ff la exists then yjfx.si
3ha ti b in Y

Hi consider the I variable function
latte forsane t

gift flatter it n éi I ithrampant

Then Gilo fca flatter for It smallenough
St atte a near I

to is a local max min

1 variable they 0 9110 It of atte

If a Ei

Exca ri

Ifta J



Strategy for finding Extrema

f A IR

1 Find criticalpoints of f in Int A

Study f on boundary 2A
find Maxmin of f on 2A

B Compare values of fat points found insteps
I 2

eg I Find global max min off cts
closed hdd

f x y Ray X 3 fa X y't l A 3 gel

Sob Step1
o
to 1

Critical points in Int A
IntlXy'si's closedunitdisk

x'tyke

f is a polynomial Tf alwaysexist

Ff 2X 1 49

If 8 a 24g ix y I o
theonlycriticalpt in Int A



ft O E t o t 3 14 check I

step2 Study f on 21 44213 345 1
parametrize the boundary x'y't's by angleQ

YIGI OfTO 2T

Therefore on 21kg's l

f O fast sin 60 2suit 60 3

I 60 5

as0 15 24 check

Max value off on 2A 24 at cost ixg LE II

min value off on 2A 1 15 4 3 check

at cost I XY 1,0

Step3 Compare values of f at points from steps 1 k

flt O value of criticalpt in IntlA

fl I I E Y max value off on 2A

f 1 0 3 minvalue off on 2A



HE

globalwax g

globalmin

E

max value I at the global max points E IE

I win value at the global min point IO

Ig 2 Find global max win and values of
H 111

fix y G xy 4 3 392
on the set xy EIR OSXEl OEY f 14 10,01 140

Sohn Step1 Interier extremum

Cf is a polynomial Ff alwaysexist

I 0 24 Gy 12
2

I o Ey Gx Gy

y 2
2

X Y

X 2X

X O or X E
Hence x y 0,0 x y E E

T t
on boundary interin



values 710,03 0 boundary

ft s 6 t t 4413 3111

check

To becont'd






































































































































Cont'd fixy oxy 4
3
35

Interiorcritical point It withvalue fest

Boundary
i

10,0 1,0

I 14 0 Ofyet flo y 35

510,17 31 410,9710 710,0

21 14 0 Of Xfl f x O 4 3

4 711,0 I fix 0710 710,0

3 XI Ofgel fll y by 4 392 3 y 15 1

511,07 4 E fay E 1 511,1 Ig
4 19 1 OfXel fix 1 6 4 3 3

O day fix 1 6 12
2

X f I rejected as
OfXE I

fit 1 4G 3 3 252 0 check

10,1 3 fly 1 C 3 2521

3 510,1 E FIX DE ft 1 3 252

Compare values

Global max.pt t with value

Global min Pt 1,07 with value 4 A






Matrixform for 2ndorderTaylor Polynomial

Ref Let fr IR be C RER open

Then the Hessianmatrix of f at der is

Sy x la fx nlds
oHfa

pya

Remarks i Afca is an symmetric byClairautsthm

2 In Textbook Hessian off det Atla

So we emphasize our definition is a

matrix More common in advancedlevelmath

eg fix y at 10,0

Hf10,0 Fxx10,0 fxy0,07

fyx10,0 fay o o
fy fix

x y Fxx10,0 txy0,07My
fyx0,0 fyy 0,0

fxetzfxycopxytfyyo.ge
2ndorderterm at Taylorpolynomials uptoafactat



2ndorderTaylorpolynomialof fate inmatrix form

Pelt feast Ffla F Alt E E'sAfia Ea

Where Tf al regarded as rowvecta Ttx las fatal

ta regarded as column recta Y an

E IT is the transpose Tx a xn an
row recta

of Gexy fly Find Paixy at 11,0 usingmatrixform

Soh g 1,07 0

Fg Ex 3,5 5xd y EY

its Yg 94,1 1
tags x'age

xity EY I
Iga o 41,03 Hgh o I 81

i Pzlx.gs 94,07 794,0 FI
TX I DJHGHoff

o I 05kg1
t ETH Df f y

x D E X 1St X DY Check




























































































Application to local maximin

If fisc and I is a critical point off

Then Ffa 0 I
HE RCI flastfa IF E ELIETHAN a

fix Fia CIETHAN A

i If CFajafia F a co t I heard

then fix flat tx heard

I is a local max

If CFaTHfla F a O f I heard

then fix flat HE heard

a is a local min

So we need to study when is a symmatrix It satisfies

TTHT O f recta Jtf
and THE co t recta 8 8

Hence we make the following



Def let It be a symmetric nan matrix

Then It is said to be

a positivedefinite if THE O

fa all column recta F EIRYES
12 negativedefinite if ITHIc o
fa all column recta F EIRYES

3 indefinite if I columnrectus I JeIRYo's
suchthat THE o and 5THj c o

Remark Theseare not all possibilities I sym matrix

which is not positivedefinite negative definite na indefinite

Then thediscussion above implies

Than Second DerivativeTest

let f r IR beC RER open

a er suchthat Ff ta 8
Then

positivedefinite a is a local min

Afia is negativedefinite a is a local max

indefinite a is a saddlepoint

Remark A critical point which is neither local max nor

local min is called a saddle point



In particular fu 2 variable ITHT is of the fam

guy Ex y g JYJ ax'tzbxytcy

If 111 Ex931 g y x'tag so FLYTERito

o is positive definite

121 TxY If If I X 492 0 TTYJeRito

E Y is negative definite

131 Tx9 f 4 y x 4g

If THEY then ix 9316 4 y
044115 4 o

It G L then ix9316 4 y 17 465 1 so

i I is indefinite

41 Ex931 8 y
x2 20 t EyJeRYE

But 013168 19 0 notpositivedefinite

80 isnot positivedefinite negativedefinite nor indefinite



51 IX931 Effy
x 4xytsy
x 4xytay y

Xtzy t y
O F TYLER'VE

I is positive definite

Geometrically locally nearthecritical point

111 Afia positivedefinite

coralmin

2 Htial negativedefinite loglmax

3 HfCal is indefinite saddle
point


