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Solution 1

Hand in no. 3 and 5 by Jan 24.

1. Prove the formula

sin(N + 3)0 — sin 30 640
2sin & ’

cosf +cos20 4 ---+cos NO =

Solution By product to sum formula,

0 1 1 1
cos nd sin 3=3 [sin(n + 5)9 —sin(n — 5)0 )
Summing it over n, we have

sin(N + 3)0 — sin(1 — £)0

al 0
(Z cos n9> sin — = 2
— 2 2

Hence
sin(N + 3)6 —sin 10
S~ 2. 9+#0.

2sm§

N
g cosnf =
n=1

2. Verify that the Fourier series of every even function is a cosine series and the Fourier series
of every odd function is a sine series. A 27-periodic function is even if f(—x) = f(x) and
odd if f(—x) = —f(x) for z € [—m, 7|

Solution Write -
f(z) ~ap+ Z(an cos nx + by, sinnzx).

n=1

Suppose f(x) is an even function. Then, for n > 1, we have

by, = ;_/W sinnzx f(x)dx = 717[/0 sinnx f(z)dx + /Owsinnxf@)dx].

—T —T

By a change of variable and using f(—xz) = f(x) since f(z) is an even function,

/0 sinnz f(z)dr = /7r sin(—nz) f(—z)dx = — /7r sinnz f(z)dz,
0 0

—T

one has
1 ™ ™
by, = [—/ sinnx f(z)dx + / sinnx f(z)dz] = 0.
m 0 0
Hence the Fourier series of every even function f is a cosine series.

Now suppose f(z) is an odd function. Then, for n > 1, we have
—T —T

ap = i/w cosnzf(z)dr = 711_[/0 cosnxf(x)dx+/Oﬁcosnxf(x)dx].

By a change of variable and using f(—x) = —f(x) since f(z) is an odd function,

/0 cosnzf(x)dx = /7T cos(—nx) f(—x)dx = — /7r cosnz f(z)dx,
0 0

—Tr
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one has . - -
ap, = [/ cosnz f(z)dx +/ cosnx f(x)dz] = 0.
n 0 0
Furthermore, by a change of variable and using f(—z) = —f(z),
agn 1 1
- gt = g1 s [

= /f dx+/f )dz] = 0.

Hence the Fourier series of every odd function f is a sine series.

3. Show that the Fourier series of fi(x) = 22,2 € [—7, 7], is given by

72 > (=
fi(z) ~ 3 —1-42(
n=1

cosnx.

Solution As fi(x) is even, its Fourier series is a cosine series and hence b, = 0.

ap 1 /” 24 123" w2
2 2r J_, 2 3|, 3’
and by integration by parts, for n > 1,
1 ™
an = / 22 cos nxdz
7T —T
™ 2 s
= — 2%sinnz - —  sin nxdx
nmw S 1% -
s 2 o
= ?az CcoS Nx - = cos nxdx
n U (o
_1)»
ey
n

4. Show that the Fourier series of fa(z) = —1,2 € [-7,0) and = 1,z € [0, 7|, is given by

folz) ~ 4 Z sin(2n — 1)z

T 2n —1

Solution As f(z) is odd, its Fourier series is a sine series and hence a, = 0. For n > 1,

1 /" 2 [7
by, = — f(x)sinnxdr = / sin nxdz
L - m™Jo
2 s
= — —cosnw
0
_ 21 = (=1)"]
B nm
0 it n=2m
= 4
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5. Show that the Fourier series of f3(z) = e, 2 € [—7, 7], b € R, is given by

sinhbr = (=1)" , .

Here the hyperbolic sine function is given by sinh§ = (e —e=%)/2.
Solution First we assume that b £ 0. For n € Z,

I ’
Cn =5 /_7T f(z)e " dx
1 ™

— / ebfinxdx
2 J_,

_ # b—inx

27 (b — in)
(71)n 6bTr —br

™

—e
w(b—in) 2
sinh b (—1)"

T b—in’

If b = 0, then it is easy to see that f3(z) =1~ 1.



