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Solution 6
p- 183: 1,2,6

1. Find the closest point in the plane 2z +y — 3z = 0 to a point x € R?. (Hint: Find
M)

Solution. Let M be the subspace 2x + y — 32 = 0, which has unit normal vector

(2»17_3) _ 1 o n
Joroop = vi(2 L =3). Then M = {n}~.

Let x = (2o, Yo, 20). Then the closest point in M to x is given by

Px =x— (n,x)n

1 1

= (20, Yo, 20) — {(x0, Y0, 20), —(2,1, —3))—(2,1, —3

( 0, Y0 0) <( 0, Y0 0) 14( )>\/ﬂ( )

2 -3
:(x07y07Z0)_ x0+y0 il 2717_3)
14

1

= ﬂ(lo.l?o — 2y0 + 620, —2.170 + 13@/0 + 320, 6230 + 3y0 + 520)

<

2. Let (a) M := [y], or (b) M := {y}t, where y is a unit vector. The orthogonal
projection P which maps any point x to its closest point in M is (a) Pz = (y,x)y,

Solution. (a) Since Px € M, we have Pz = \y for some scalar . Also x — Pz €
M. Hence

0= (y,z — Pr) = (y,x) — My, y) = (y,7) — \.

Thus A = (y,z) and Px = (y, x)y.

(b) Note that x — Px € M+ = ({y}1)* = [y], so that x — Pz = )y, for some
scalar A\. As Px € M, we have

Again A = (y, z) and hence Px =z — (y, z)y.
<

6. Let T be a square matrix, and suppose both subspaces M and M~ are T-invariant,

so that T takes the schematic form (gl g) Show that ||| = max(||A]|, || B]|).

(Hint: Take x = a + b, then |Tz||* = ||Tal]* + ||T0|]. )
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Solution. Take x = a + b, where a € M and b € M*. Then Tx = Ta + Th. Since
M and M+ are T-invariant, we have Ta = Aa € M and Tb = Bb € M*. Now, by
Pythagoras’ theorem,

IT2|* = |Tall® + |76 and |l|* = [la]® + [|BII*.

Hence

|T|* _ | Tal® + || T0|*

=2 lafl* + [|b]]?
| A]1?]lal|* + || B|I*|b]|”
B [|al|* + ||b]|2
2
= t||A]]Z + (1 — t)||B]? h t:¢601
A+ W= IBIE,  (where t = o= € [0,1)

< max([|A[%, | B[]*).

By taking supremum over ||z|| = 1, we have ||T|| < max(||Al], || B]]).
On the other hand, for any a € M, b € M=+, we have

[Aall < |IT([lalland [[Bb] < [IT][b]l

so that [[A[| < [T and || B|| < [|T]|. Hence |[T| = max(|[A}, || B])- <



