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Chapter 1. Integration on measure spaces.

31. 1 Measurable spaces
and measurable functions.

Let X * % .

Let By be the power set of X ,
ii e

.

Sx = SY : YeX]
.

Def . (w-algebra) ME PX is called a G-algebra on X if

(i *M
,

(ii) If At M
,
then AM (A : = X(*)

(iii) If AREM
,
R2l

,
then AREM

Remark : (i)-(iii) imply that

· Pe M.

· If AmEM
,
R21

,
then AREM.

Cusing Ar = (AR) (
Hence a G-algebra is closed under countable union

,
intersection

and complement.



Example :
· DX

· (9 , X]

Example : Let S = PX
.

Define
M(S) = 1 all w-algebras on X containings.

We call MJS) the smallest o-algebra containings.
sor the 5-algebra generated by S).

Example : Let X be a topological space .

Let By be the 5-algebra on X generated by
the class of open sets in X.

We call x the Borel r-algebra on X.

Def .

A pair (X , M) is said to be a measurable spaceven

if M is a 5-algebra on X. JERY iR))

Def : A function f: X-RR is said to be measurable
un

if f"(G) &M
,
I open G <1.



Remark : Equivalently
,
f is measurable if

f"(a , b) CM
,

F a
, beR

,
alb,

) Using the fact that every open set in I is

the countable union of finite open intervals (

Prop 1 . 1
. f : X-1R is measurable iff one of following
properties holds :

① f"(a , b) EM ,
- a

, bER
,
asb.

② f"(a , D) EM
,
F aEIR

.

③ f"[a , O)EM
,

- at IR

# f"70 , a)EM , FaEIR

⑤ f"(-r , aIEM
,

EaE IR
.

Pf . WLOG
,

we prove

& is measurable ② holds
.

clearly
,

" "holds

Now to prove "" , suppose ② holds.

We want to prove D holds.



Notice that

f"[a, 0)= (a
So

f (a , b) = f (a ,0))f"[b , 0) EM
#I

.

Prop 2. Let # : IR - RR be continuous.

Let f : X+ 1 be measurable

Then Gof : X-1R is measurable·

Pf . I open G in I
, by continuity,

&"(G) is open in R.

So (9f)" (G) = f") (2) -> M
.

#

Remark : The assumption : RR-R can be relaxed to

&: V -> 1 where V is open and V > range (f).



Prop 1 . 3 (i) All measurable functions on X

form a vector space.

(ii) If f is measurable
,
then so are

f2
,
181

,
ft

,
f

-

& fil = (f) ifOn
fix) = [ -f(x) if

(iii) If f, g are measurable then fig is measurable·

(iv) If f, g are measurable and goo then

f/g is measurable.

Pf . (1) It suffices to prove that if f, g are measurable,
then so is f + g.

(f+ q)" (a , u)= (f" (s ,aeg'(t, 01)
S + t > a

EM
.

(ii)
.

Let #( = X? By Prop l . 2
,
Gof is measurable

But &of = f2 and we are done.



(iii)
fg = Y)(f + g)) - (f -g))).

(iv) Since gt0 , range (8) [ RIOS.

Set : ROS -> 1R by EN
= *, which is Its

So by Prop l . 2
,
Gog = * is measurable

Then by (iii)
, F= fot is measurable·

#

Prop 1 .
4. Let fr ,

K21
,

be measurable·

Then the following are also measurable :

supfre
,
inf fr im fr , tinfhek= / RI

pf .

Let g=supf
. .

g(a , b) = f(a , 0)
.

=M.

(g(x) >a It such that fr(x) >a)

Hence 9 is measurable.



The proof for the measurability of inffr is similar.

Tim fo inf/supf,k- 10

fr = supiff,
III.

3 1 . 2 Extended real numbers
.

set E = RUS + 0
,

-1)
,

and call it

the extended real number system.

# can be viewed as the image of the function

&(x) = tan
, x[-]

#
set tan)- ) = - 0

,
tan (1) = + 0.



Topological structure of TR :

E I is open iff FCE) is open in E, El

By the above def
,
ECI is open iff E is

the countable union of intervals of the form

Eo , a)
,
(a , b)

,
(a ,

+01
.

Def : A function f : X-> TR is said to be measurable

if
f"CG)EM for any open G in R.

Facts : f : X + R is measurable

iff f"(a , b)
, fol , f"(EoS) EM .

Prop 1i 3
, Propl. 4 also hold for R-valued functions

.



31 . 3. Measure spaces.

Let (X , M) be a measurable space.

Def. A measure Mon (X, M) is a function

from M to [0
,

+ 0 I such that

(i) M(0) = 0

(ii) (countable additivity)

M)An)= M(An)
,
provided

An EM are mutually disjoint .

Simple facts.
· (finite additivity)

M)An)= (An) if AnEM are disjointa

· If ATB
,

then M(B) = M(A) + H(B(A)
.

(B = AU(B(A))
Hence M(A) < M(B) .



· (Countable sub-additivity)
Let AnEM

,

n21
,
then

M)An)
,
M(An).

Justification : Let B
,
= Al

,

B2 = Az)A,

in = An)(A , u ... An-)
----

Then Bi
,
B2,

... are mutually disjoint , BuEM
Bn 7 An

,
moreover

JBn = An.
u= 1

Hence M)An) =M(
, Bu)

= M(Bn)

M(An)



Def. The triple (X ,
M

,
M) is called a measure space.us

Prop 1 . 5. Let (X,
M

, M) be a measure space.

(i) If AREM,
=1

,
is increasing in the sense

A , As ...

then M)GAR) = lim MCA!

(ii) If AREM
,
R21

,

is decreasing in the sense

A , Az .... And ...

and assume M(A , ) >O
,
then

M)Am) = lim MCA

Pf .
Let us first prove (i).

Write B ,
=A

----

Br= An)(A , w ... An



Then Bi
,
By, .... are mutually disjoint,

Moreover

= An

BA Scheck it).

Hence

M)An) = MIBn)
= M(Bn)

= lim
25

M(Ba)

=im MB)
= lim M)An)
k+ 1

I lim MJAR) (sinceIhere
increasing



Now we prove (2).

Notice that

A ,
Az .....

So

A ,)A ,
[ A , )Anz ... A ,An .

Hence by (1)

M) (A (n)) =m MCAA)
So

Fi(A ,))An)) =Lim MCA!
⑪

Since M(A1) so ,

so M(A1) = M(A ,)(Anl) +M(An)
Hence MCAn) = M(A-M)AKAn)



Similarly

M(An) = M(A1) - MJA ,(An)
.

Plugging the above two equations into
#

,
we obtain the desired

identity.

Remark : The assumption M(A , ) < 0

can not be dropped in Prop 1 . 5.

Here is a counterexample :

Let M = 2 on IR.

Let An = (n ,
+ 1)

,
n= 1

,
2, .

Then Ant

However An=



But

· = M)An) * lim M(An) =.

31 .
4· Integration on measure spaces.

Basically we define integration in 3 steps.

(1) Integration of non-negative simple function,

(2) Integration of non-negative measurable
functions ,

(3) Integration of measurable functions
.

Let (X ,
M

,
M) be a measure space.

Pef . (simple functions) .

* simple function on X is a

measurable real function which only
take finite many values.



It has a standard form

S(X) = * Gjx[(x) ,

j= 1

where 2 , <Gc <... &N and

Ej = (x : Sx) = Gj)t M .

# if X+ E

Xy() : = [
o otherwise

.

Remark : In general, any function

S(x)= XE(x)

(where EjEM !
is a simple function.



Thm 1 . 6
.
Let f : X -> I be a non-negative

in-valued measurable function. Then

=> a sequence (Sn/n of non-negative
simple functions such that

(1) Sn < Sun
,

Eh=l,

(2) f = limS.

Pf .

Let us construct a sequence of functions

Pr
,

R21
,
from [0 , 01 -> [0

, 0) by

3 =) if v[
for j = 0, 1, . . .,

24. R = 1

k otherwise

+,1 , 111111
2

- k



Then Pr() ↑ X
,
for any X = 0.

Take Sp= Go (f(x)
,
K = 1

,
2, . . .

I is readily checked that Sk are simple ,

and SpN/ f(x). #


