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RCG—L Anal]sts 24.-061-07
Cﬁaftev 1. InJ[ea‘mt'lbn on Measule Srqceé,
Measurable S’;au.e.s ond  Mesurable -Func‘f‘fon&

let X#¢. Lt P be the power st of X, ie.

X = { Y YeXx}
Def. (s-olgebra) M <= P 05 odled o 6-algebra on X T
h XeM.

() If AeM, Hen fe gt (K= X\A)
(iit) If ApeM, R2l, ‘then Q\Ake)&.

Remark: (1= (jii) imply that
ge M
CTF AeM k3, tln (3 AreM.
(Usinj {\: Ag = ( Q' A;)c )

Hehe o G—a',aekw is closed under Countable Uh on, Infersechion,
cund comlxlement_



Examlale g : aPX

MERS)

Examrle S let S PX.

Defli\z ;
H(S): N\ all s-algebras on X ConJra,mntg S

We O,v[[ J\Il(s) tl& gmqueﬂ‘ G-a,loel:va COhTal;uy\g S
(ov .H"_ G-aljelo\m L}enew\i‘ed fiy S’)

Exa.ml)le: [et X be a ‘toPoloﬁfcaQ S’FaLQ‘

let SBX be the o’-al;el;m on X ‘}emmf*zd L‘j
+the dposs o-g of)eh sefs 1 X.

We call ng the. BomL S~015\°Jom Oh X

Def. A pair (X, M) & said to ke & meaurobls spac
I\S' M s @ G-alﬁebv‘ol Oh X (%emj Qf“ﬂ)

De{l.. A {:"uw(,-l-—l:;'m F: X—) R rs Sq,\jol to be W
if @ e, yopn G R,



Remark : Ertua‘,\/a[eni'ly, 1@1‘1 measurable 15
f-‘(a'b) €M U akeR ach,

( Usig the ]Q«d that @Very open get ' [R 1%
the Countabl Union of finite open Li/d‘e,ru,,‘jp)

PmP 1.1 F: X= R 5 meesurap(y 4:[:30 one of ‘Poubwr‘\g
propevties Bolds -

®© f'(ab)eM, v abeR, a<b.

® f'(awem, ¥ aeRr

® f£'[o,©)em, b acR

® {'Cw,a)em, VacR

® (-, aleM, v ac R
Pf.  WLog, we prove

f ¢ measuntibe & @ Rolds.

Cleavly =" Rolds.
Now to prove “é=", suppese. @ holds.
We want bo prove ©® folds.



Noh\(Q '[Tlxwt

; .
From = N F (o= en.

So
gﬂ(o\,b) = J("(o\,uo)\f‘l[b,oo) EM

@.

Prop2. Let @: [R> R be continuous.
Let F* X=> R be Mmeasurably -
Than q5°? X R 15 measurabl

PS: 4 olsen G Ihn R; by Conﬁv»wii_‘y)
gifl(cr) (3 OIbeh m R

So (3£)'(0) = £ &) e
@ .

Remank : Tha a’ssumft"m @: IR=> R Can be Telaxed #o
@: V>R whwe Vo3 0P€h and \/ D ronge ({)



PVoF 3 (" Al measurable {Pum,ﬁ&ws on X

form (e} Ued‘or SFQLQ.
@t) If £ s measurable, then so are
2 + -
F ) lF'/ -F J ‘F .
( %:{ foo if oo

0 o Therwiie

F‘(x) = { “f(x) ff P(x)<o

0 other wise.
(i) If £ g o mesumble then -9 is measumbt,
(v) If §, 4 ore measumble and 920 then
UC/Qr Is  measurabla

PQ (h It suftices to P\m\/e that l\g J(-\, g_ ave W\ew,uw“u,)

then S0 s {}1_%
e = a0 T
S+t >0
e M

(i), let dw= x* B}' ProP 2 @oF 15 Measurapls
But Qo{z = Fl’ ond we ow don® .



air) . .
73 = ﬂ@*%) - (5-8))
(v) Sime Geo,  ramge(s) © R\fok
Set ¢ [K\%} - R b] Q(x)—‘fx‘) whch s et
So by Prola [\2/ @eg = 75‘ 15 measurably
Tha by (i) -g: =Pt & memwndl

@
ProP 14 let ‘Fn, %=, be mewmumbl .
T)um +the ]Co“owt;% ave cu',so meqéuy\ab(& -
Sup Tk mf o T B bm
ﬂg{g ’ &chl T h»bfh'

PE. Llet 3= it;r?k.

00
- |
3(&,00) f— %ZI 10& (ono).éﬂ,
( Y0>a &S 4 R Such thet ]GK(X) >&)

Hence % s Measurable



The proof for th mesumbility o of Fu b simibr

m b= 0 (s )

R->vo R>| v
im _ s < In§ F~)
ko oy haPl ok v

Extend ed Y‘ewl, humbers,

—

Set R = [R,U{*oo/ -oo} and call it

7

Ho extended real number Sys’rem,

_[[-Q- can be Ulewed oy the lV;"QjQ 0§- tha ‘Puhc'héh
CtJ(x) = ton x




To[boloa_ia\ﬂ, S'I'V‘U(,‘l'u—l"?, 05- @ S
Ec R 1% ol)en lf]{: C{)—lo_:) LS open i L&

B)l tl‘\l Q/\OO\IQ de}/ E cC I‘-ﬁ [s oreh fFf_ E \\.S
tha countakle winion of- Interuals Dr. tha ?ovyy\

-0, 0)  (ab), (a,tw]

Def: A FMM1'U5H F X— Iﬁ 5 sad To be measumby

§

—_—

P_\(G)GM \@o* any open G- th R,

Fac{'s: 'F\‘ X - [E s mQa.surab(,_
o ), FE, FE) en

PYDP 3, P“°|’|‘4' also hold Fvv [‘R,—Ualued ‘FLLV\C(-I\DVIS.



813

Measum SPaces.

Let (X,M) be o measurable space.

Deg_ A measure ‘\L on (X} )‘1) s o tuncton
-Fvom M to [o,t%] suh th

B () =o
U‘I\) ( COMh+mb‘€ &Glcij,h‘v.“t‘y)
= L
K QAn) = Z, p(m
A.eM are W‘Mtuwl\tj c‘l:s\joint '

P vo Vio?eo{

)

sl‘mlble ]@Mfs.
o (fimite adeuw;fj)
k(. Q‘ An) = hi‘:; w(An) if A€M are dt%)‘oar

« If AcB  then  J(B)= W(A)+ H(B\A)
( B=AUGBWK)
Hene  H(A) < 14(B).



° ( Coun'l‘mloll S‘ub-adﬂutw;f)’)
L{’,‘t‘ Anej"l) Yl?ll ‘Hw,y]

ISP )

7 M8

Jusl‘\‘?fc’»'l'lbn : Let By= Al)
Ba= Al\Al

é.m-: Ah\(H\U”'UAh-I)
Tlum B, By - ave mudu.alEy Olfs\)\OPni‘/ BnGM

Bn © /'\n, moreovey

(%) o]
UBn = U An .
n=\ h=1

Haw (Y An) = (Y, B.)
= VZE' (Bn)
$ 2 M(A)

~

>



Pef, The 'EVIFIe (X/ M, K) s edled @ W

Prop 15, Let (X) M, [t) be a measure space.
() If  AeeM, R, is thoreasny b thy Sehse
A cALC
thon  u( UAR) = llm N

) If AreEM, Rzl s o{ecreasi\g i the Sense
A 2 AL o DAL
ond QSSume P(A ) < 0o +hen

p( (\AK = him M(A)

R~ %

P{f Lot ws {D\Wr pove ).
Wnte B,
Bh- Ah\(AIU U An- l)



Then B, B, - Ore mu‘fuoul@ igoinl

Moreovev

Loj Bv\ = L_] An
n=1 h=I
kR R
U Bn = U An (CL\P_L}\ it)
h=1 h=] '
Ment
H< %zl Ah): Mé vgl B“)
= = M)
= fim =
- %l?oo 0= i<B“)
- l{al:/\\so t\1< V:L:jl Bn)
= fim ,/LLQ U An)
k> o n=| s .



Now we Fvo\m_ (2)

Nohee that
A D AL 2
So
/_\I\AI C A\\Al C - C H\\Ah C--.
Henw by )
( H (A \ An) ) = nlf’lo M (AN A

( A\ A = b )

®

St M A))<vo, N .
so ya)=k(ANCQ, An)w(n;\h)
ons. i O Aa) = () =t A\, Ah)



St\vm\lcwly
i (An) = fela) ~ H(A\AW).
P‘Wja\lr\ﬂ _H/\Q. ﬂ‘OOUQ _‘TLOO Qilkcv(h\tm) fnto

@/ we oh Touth ”6";\9\ olesined
l\o(\ev\h‘fd\/ ‘

REWWW'Q: Th(usumrh‘on t\L(A,)<Do
Can not he drommt [ PN,P LS.

Here 15 ot Comﬂe\remm[)[{c

b = 90 on R
(ot An:(n/fbo)/ n=1,2 :-.
Thn  Au U

—

to
HOWQ,VP/V‘ V\[\ Ay\ =
=1



§ 1.4

But
o..“( nAv\) i H(A):w‘bo.

W= %

Ivfi'QjY‘Gftl.Dh onn Measukre SFOL(Qs,

Bas\‘cw“iy we de{wle t\)\‘l‘ejv‘a‘i-/bn lif\ 3§'fel>$.

U) Iv\‘l‘qf)vwhiv\ 05‘ non—ne\ja+l\VQ M&,}

(2)  Integration of non- neqative measureble
g f y i

3)  Tufegration: o)L meosUt rab (e Fumdw

Let (X,)\’L) H) be o Measule S{Mcﬁ,

Def. (Simple flnctions)
A S;‘W\Ple ‘Fu.hd‘u;v, o >< N

MewaLV‘a/[OLQ, Tea,( ]Dund‘u}un C}Jl’u\d/l Oh\j
‘tcv\&{ ‘?fhitﬁ an,v\,j Uq'l%?—ﬁ.



It ﬁa.s O S+ahcj,qvo\ ~P

k) = L & 06 )
J=1 5
where 3, <da << dy  and

Er=xs Sw=d b e,
y’(x)f:i B ;§ xe &
E -

o) otherwiie

ReW\avk: Im aehe\wa OLM.y {,U.Vlc,'l.lb]/\
S = \Z bJ ,XE Q\)

(wkm EJGJVI)

(s O S;‘mFle ‘Fund‘le\h.



TL\W\ 6. Let ](3 X = ﬁ be Q non—neaaﬂve
ﬂ—é.—Uallud measurable {Puhd-néh_ TLM/]

4 & S’eT,m,nu. (S’,l):: o{- non—neaah“'t
SIMP FwWOMs Such thel

Uy Sn €S 9 nxl
2) _JC: h;’V\ Sh.

n->060

P{‘) et s Coms‘l‘lmd‘ O Sec‘u,%u 0{: ?de_w\hs
CPR) ‘9131, {gwom (0,00 ] > Lo, &,) b]

JH

‘ﬂqcx):i w el

-FDV' J o/ l) .”/ Zkohql
“& otherw) g




Tl"le,h CPR(X) {\ X \GDY‘ ary X 20

Take S\ = (PR ()O(x)) 7 R=l, 2 -
It & Y‘exwl&lj checked That ¢ e m“fte,

and SR(X)/ \Q(X). o



