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31 . 5 Convergence of measurable functions.

· fn -f ae
. (pointwise convergence

hm f(x) = f(x) are

· fn -f uniformly on YeX. Juniform convergence)

FECO
,
EN = N(s) such that

Ifn(y)-f(y)/s& for all n = N
and ye Y.

We write

It fon Y

· fn -f in 1

JIfn-fIdm -> 0 as n+ 0.

X

· fn -f in measure
.

~ pso , MSx : (fn(x - f(x,( > py = 0

as n- 0.



Let (X , M, M) be a measure space.

Thm 1 . 16 (Egorou Thm)
.

Let f ,
fu

,
n = 1

,
be measurable functions ,

finite are.

Suppose M(X) Jo
,
and

fn -f a.e as to

Then for any $30 , AEM With MCA) < 3 such

that

fn f on X .

Pf
.

Let 20
. WLOG

,

assume that f
,
fo are

finite everywhere .

For any i
, jEI

,
we define

A= x: -f

clearly as j increases
. Asis monotone decreases.

So At A



Notice that XE& A implies E infinitely many

t such that (f(x) - f(x))=
So fal > f(x) · Hence M A) = 0

.

Since M(X) 30
, AX A

by the continuity of M ,

we have

M(A, ) -> MA, = 0 as jew,

So for each it Ir
,

we can find jsiDE At
such that

M)Aj)
Now let

A = As
Then M(A) = I M) Ajis) =



We claim that

fo f on XA.

To see this
,
notice X = (A)

Hence X = X)AE) X Ajys for all :

But X Ajy = : If-f

means /fr)-f(xi1< for all R =j(i)

Hence fref unit on X/A.
l

Remark : The assumption that M(X) so

can not be dropped in Egoror's thm.
Here is a counter-example.

· Let X = [0
, 0)

,
M = 250

, 01 .



Let fr = Xir
,
R+ ) ,

R = 1, 2,...

Then fr -> 0 on 10
, 01

However I no set Y with M(Y) = 0

such that fr 0 on
Y
.

To see this

suppose fr 50 on
Y
.

Then I N such

#* ) (fr(3)-01 <t for all ye Y and

R = N

That means Yn[N ,
0) = %

.

Otherwise if ye Y & [N , b) ,

St
.then E R =N

, y- [
,
E+ 1)

,

then

fr(s) = X [R
,
k+1)(b) =

leading to a contradiction with <* ).

Hence YI To , N) and M(Y) So.



Prop1 . 17. If fo -f in measure,

then = a subsequence (Rj) of natural
numbers such that

im fr(x) = f(x are

Pf
.

Since fr +> f in measure
,

so

we can find a subsequence (Rj);
of natural numbers such that

kj+ 1
= kj

and

< x : /faj(x1 - f(x) +3
g

j = 1
,

2, ...

In what follows ,

we will prove fig- f are.



Define Bn= <x : 1 f(x -f(x)

Then

M(Bn)<I Mix : Ifj(-fx
->E
2 = 2.

Hence lim M(Bn) =0

In particular MCBn) = 0
.

Now we claim

fo(x) -> f(x) for X B

Indeed if X Br
,

then XBn
So Xe By for some n.



But Bu =
dy : If-f

x Bu =) for any jen,

(fp(x) - f(x)) <+%
=> frj(x) -> f(x)

.

E

Prop 1 . 18. Assume M(X) < 0.

Assume f ,
fr

,
n2l

,

are measurable,

finite are
,
and

fn -> f a. e
.

Then fn+f in measure.

Pf .
Let P ,

2 > 0.

We want to show

#*) M(X : (fr(x1-f(x , / >p] 5 when R
is large
enough.



To see (**)
, by Egoror's Thm ,

we can find AEM With R(A) < 3

such that

fr= f on XA .

Therefore E NT such that

Ifr(x) - f(x)) > P for allxX)A
and R =N

So

& x : Ifr(x) - f(x) =p)A if REN

Therefore
M(X : (fr(x) - f(x)(2p} < M(A)s3

for all RIN
This proves (**) ·

I



Remark : In prop 1 . 18
,
the assumption

M(X)v
Can not be dropped.

The same counter-example
fr = Xim

, n+) ,

R = 1.

X = [0 , 0)
, M= 250

,
0.

Then fr + o
. but

& Ifr(-01 >E ) = 1 #> 0 as

k+ 0.

Prop .
1 . 19. Assume fro-f in L

Then fir-f in measure.

Pf
. Using Markov inequality ,

for given Po

MSX : IfR(x) - f(x)( = py = +) Ifrf)dm
X

-> O

El



Corollary 120. Assume fref in *

Then fig -> f are for some

subsequence (kj).
Pf .

It is the direct consequence of Prop 1 . 18
,

1 . 19.
M



Chap2. Outer measures.

There are two ways to
construct measure spaces.

One is the approach by Caratheodory viaOuter measures
,

the other one is by Riesz representation thm on Linear

functions.

& 2 . 1 Outer measures
.

Def . Let X # 0. An outer measure M on X

is a function from Px = &Y : YEX) to [0
,
+]

such that

(1M(0) = 0
;

2) If A Aj ,
then

M(A) M(Aj)
.

) countable sub-additivity) .

Example 1
. A well known example of outer measure is

the Lebesque measure on R
, defined by-

L



↓ (A) = inf(j) : At ,

Ij = [aj , by t Y ,

where (Ij) = bj -9j.

· clearly 2($) = 0 because Oe [0, 31
.

· If A tGAj ,

the

(*) G(A)(Aj) .

To prove (* )
,

we may G(Aj) > 0
,
otherwise,

there is nothing to prove.

Let 330 . By definition , for each j ,
we can

↳

find [IjnSu ,
such that UIjn Aj

n= 1

and

<L(Aj)+

Then in Aj A



But

sin)< G(Aj)+)
im

= (h(Aj)) + 9 .

So <(A) G(Aj) + 9.

Letting +o gives (*(

Example2 : Consider (G ,
9)

,
where

g73x
,

and G : G - [0 ,
+ r) which satisfies

(1) inf g(G) = 0

GEG

(ii) UGj = X for some Gjeg.

Then define for AtX,

M(A) = inf((Hj) : At ,H



Then he is an outer measure.

(In the care of Leb .
on IR,

choose (G .
9) by G = S[a , b1 : asbb

9: G - 50 , 07 by

g([a , bz) = b - a
.)

Def .
Let he be an outer measure on X.

We EGX is M-measurable or simplysay -

measurable
- if

(**) H(C) = M)(E) + M)CEY)
,

FCIX
.

Let /c denote the collection of all pe-measurable
sets

.



Thm 2 . 1 (Caratheodory (
Mc is a o-algebra on X.

Moreover
, (X ,

Mc
,
H) is a measure

space.

(E McE) M(x) = M(CE) +M(ceE)
, ocX)

.

Pf . First
,

it is direct to see that I
,
XEMc.

Next we show that if E
, FEM >

then EUFEMc.

Indeed for any c =X
,

↑ (x) = M(cE) + m)CEY (since EEMc)

= M(m EnF) + M(x E n =4 + M(xEF)
+ M(cE'nF)

=> M( > (EUF) + M(x (EUF))
.

Here we use the fact that

(GEnF)U(cnEnFC)v(cEF) = Cn(EUF)

C (EnF) u(EnFc) v(EnF) = EUF)



F
-

But by sub-additivity

M(c) = M(c(EUF)) +m(c(EUF)
Hence we have the "" and so

EUFEM ?

By Induction ,
we see that

EEiEMc If El : EnEM
Also

,

EinEn = (EPUEP'
So EnEzEMc if E , EzEMc



Next we prove that if E ,

E
z, .... are disjoint

EitMc

then
EiEMc .

To see this
,
set

An= Ei,

An= Ei.

Then Ant Mc
.

Notice that for any <IX,

M)SRAn) = M)CnAnnEn) + M(CnAnnEn
(since En-Mc)

= M) (nEn) + M(cnAn-1)
Repeating it
=

M(crEn) + M(ceEn-1) +m(cAnf
=...

= M(ci)



Now

M(x) = M(cAn) + M)CA)
Since An > Mc

= M(cEi) + MJCAn)

= M(CnEi) + M(CA)
.

Taking no o gives

(***) M()= M(ceEi) + M(ceAd)

= M( (A0) + M(CnAb)

Hence An E Mc.

In the inequality (*** ) , letting C = Ar

gives M(i)= M(Eil
and so M(Ei) = M(Ei)



This proves
the countable additivity of M.

Now let Ei - Mc
,

12 1
,
which might not be

disjoint. Then let

F = E ,

F2 = ErlE ,

---

En = En)(E , r ... r En -1
----

Then Ent Mc
,

En are disjoint,

& En= En EMc
n= 1

#



Def : A measure space (X ,
M

,
H) is said to

be mplete if

At M with M(A) = o => BEM for all
- BI A

.

J A is called a null set

Prop 2 . 2. The measure space
& X,

Mc
,
M) constructed from an outer

measure i on X is complete.

Pf . let At Mc With M(A) = 0.

Suppose Be A.

Then M(B) < M(A) = 0.

Hence for any CIX,

M(C1B) -> M(B) <0
,

which implies M(CRB) =

0

So

H(c) = M(((B) = M(x)B) + m(xB)

and M(x) = M(c)B) + M(C1B)
.

Hence BEMg . #


