MATH1050BC/1058 Assignment 5 (Answers and selected solution)

1. (a) Answer.
(I) for any real numbers a,a’, b, t’
(M) z=a'¢ +b¢
(I11) a
(IV) b
(b) Solution.
Let ¢ be a complex number. Suppose ¢? is not a real number.
Pick any complex number z. Pick any real numbers a,b,a’,b’. Suppose z = al + b and z = a’¢ + V(.
Then a¢ + b = a/¢ + V/C.
Therefore (a — a’)¢ = (b’ — b)(.
Hence (a —a’)¢? = (V' — b)[¢]?.
Note that b,b’,|(|? are real numbers. Then (b’ — b)|¢|? is a real number.
Since a, a’ are real number, a — a’ is also a real number. Then (a —a')Im(¢?) = Im((a — a’)¢?) = Im((V/ = b)|¢[*) = 0.
By assumption, ¢? is not a real number. Then Im(¢?) # 0. Therefore a — a’ = 0. Hence a = a'.
Then (' —b)[¢|*> = (a — a’)¢? = 0.
By assumption, ¢ # 0. Then & — b = 0. Therefore b =1'.

2. Solution.

[We want to prove this statement: ‘Let I be an interval in R, and f,g : I — R be functions. Suppose f is strictly
increasing on I and g is strictly decreasing on I.

Let ¢, € I. Suppose f(c) = g(c) and f(¢') = g(c'). Then ¢ =]
Let I be an interval in R, and f, g : I — R be functions. Suppose f is strictly increasing on I and g is strictly decreasing
on I.
Pick any ¢, ¢’ € I. Suppose f(c) = g(c) and f(¢') = g(c¢’). We verify that ¢ = ¢/ by the proof-by-contradiction method:—

» Suppose it were true that ¢ # ¢'.

Without loss of generality, assume ¢ < c’.

Since f is strictly increasing on I, we would have f(c) < f(c/).

Since g is strictly decreasing on I we would have g(c) > g(¢).
Recall that f(c) = g(c) and f(c¢') = g(c).
Then f(c) < f(¢') = g(c’) < g(¢) = f(c). Therefore f(c) < f(c). Contradiction arises.
Hence ¢ = ¢’ in the first place.

3. Solution.

(a) (M) is formally formulated as:—
(M): For any set A, for any functions f,g: A — A, the equality g o f = f o g as functions holds.
Hence (~M) reads:—

(~M): There exist some set A, and some functions f,g: A — A such that go f # f o g as functions.
2

(b) Let f,g: R — R be functions defined by f(z) = 1_T_72 g(z) =2 — 1 for any z € R.
X
i. For any = € IR, we have
1
(go f)lz) = BTk
B (r—1)2

i, We have (9o /)(0) = —1 and (f 09)(0) = 5. Hence (g0 £)(0) # (f 0 )(0).

iii. There exists some 2y € IR, namely, o = 0, such that (g o f)(zo) # (f o g)(z¢). Hence it is not true that
go f = fog as functions.



(c) Let A={0,1}.
Define f,g: A — A by f(0) = f(1) =0, g(0) =g(1) = 1.
By definition, the function go f : A — A is given by (go f)(0) = ¢g(f(0)) = g(0) =1, (go f)(1) = g(f(1)) = ¢g(0) = 1.
The function fog: A — A is given by (f 0 ¢)(0) = f(g(0)) = f(1) =0, )
Take 2o = 0. We have (go f)(zo) =1 and (f o g)(z9) = 0. Then (g o f)(zo) # (f o g)(z0)-
Therefore g o f # f o g as functions.

Remark. Let A be a set. (This set is fixed in our subsequent discussion.) Suppose f,g: A — A are two functions
from the set A to A itself.

e When we want to verify that go f, f o g are the same function from A to A, we have to verify that for any x € A,
(9o f)(x) = (fog)(x).

o To verify that go f, f o g are not the same function from A to A, we check that there exists some xg € A such that
(go f)(zo) # (f og)(xp). Hence we have to name an appropriate x¢ and show that (go f)(zg) # (f o g)(xo).

4. Solution.

(a) Suppose o : R — R is defined by a(z) = 7331 for any « € R.

z? +
22
F R h X = —.
or any x € R, we have (X (a))(z) o]
2
— 1
For any z € IR, we have (D(«))(z) = #—E)Q

1
For any z € R, we have (Ip(a))(x) = 3 In(z?® +1).

Hence X («), D(a), Ip(«) are respectively the real-valued functions of one real variable, with domain R, given by

(X)) = 5, (D))= 5=,

(Io(a))(z) = %ln(gc2 +1) for any = € R.

(b) i. Pick any ¢ € C*(R), z € IR. We have

(Do X)(@))(z) = (D(X(w)))(fv)=(X(s0))’(w)=%(w(t))

(XoD)(p)(x) = X(D(p)(x) ==z(D(¥))(x) = z¢'(z)

Then ((D o X)(¢))(x) = (X 0 D)(¢))(x) = (z¢'(z) + ¢(x)) — 2¢'(z) = ¢().
ii. Pick any ¢ € C*(IR), 2 € R. We have

= z¢'(x) + o(x),

t=x

(oo X)(p))(x) = (Io(X(w)))(x)=/0$(X(s0))(t)dt=/0$ts0(t)dt

- / " i(Io(e)) (t)dt

t=x

o= [ twlenar

= 2(lo(¢))(z) = 0 = (lo(lo(p))) ()
= (X(o(p)(@) = (o(lo(p))(z) = (X o Lo)(¢)(2) = (Lo 0 Lo)(¢)(2)

Then ((X o Io)(¢))(x) — (Io o X)(¢))(x) = ((o © o) (¢)) ().

5. Answer.

(a) 1. Suppose A, B are sets, and f : A — B is a function. Then we say f is surjective if the statement (S) holds:—
(S) For any y € B, there exists some x € A such that y = f(x).
ii. Suppose A, B are sets, and f: A — B is a function. Then we say f is injective if the statement (I) holds:—
(I) For any z,w € A, if f(x) = f(w) then x = w.



(H) (I) For any (IV) Take
(IT) there exists Alternative answer. Let
() y = f(x) Altematz:ve answer. Dpﬁne
Alternative answer. Pick
(IV) Pick any Alternative answer. Suppose
Alternative answer. Let Alternative answer. Assume
Alternative answer. Suppose (V) for any = € R

Alternative answer. Assume

Alternative answer. Take any (VI) Suppose

Alternative answer. Assume

9
(V)& =(y+1) (VII) there existed some xq € IR such that f(x¢)=
3 Yo-
5 31”
VD) o=+ —1= [+ 0! | “1=rn-1-y VI 0
2

(VII) f is surjective. (IX) (l‘o _ 1) + § > 04 3

ii. (I) For any 2 4 4

X) f is not surjective.

(D) if f(z) = f(w) (
(III) z,w € R ii. (I) there exist some
(IV) Suppose (II) = f(wo)
Alternative answer. Assume (I1) 2o # wo
(
(

) f(@)+1=f(w)+1 IV) wy = 2.

VD) (')’ = w V) o £ wo.

(v

(

(VII) f is injective 2 2
(¢) i (I) There exists some (VD) flwo) = 211 5

(IT) for any (VII) f (wo)

(1) yo # f(xo) (VIII) f is not injective

6. Answer.

(a) (I) for any ¢ € C, there exists some z € C such that ¢ = f(z)
(IT) Pick any ¢ € C.
(III) there exists some § € R

(IV) Take z = ¥/|¢]| - (cos (g) + isin (g))
(V) [ ] - <cos <§) +isin (g))r - ( |¢|)5 (cos (5 9) +isin (5- g)) = [¢|(cos(6) + isin(B)) = ¢

(VI) f is surjective
(b) (I) there exist some zp, wo € € such that f(z9) = f(wp) and zg # wo

2 2
(IT) Take 2o = 1, wp = cos (;) + ¢sin (W>

5
(I11) 20 # wo
(IV) f(Z(]) = 205 = 15 =1

(V) f(wo) = wo® = cos <5 . 2;) + isin (5 . 257r> = cos(2m) +isin(27) =1

Alternative answer.

(IV) f(wo) = wo® = cos <5 . 2;) + isin (5 . 257T> =cos(2m) +isin(27) =1 (V) f(z0) =2° =1° =1
(VI) f is not injective

7. (a) Answer.
i. Suppose A, B,C are sets, and f: A — B, g: B — C are functions. Define the function go f : A — C by
(go f)(x) =g(f(x)) for any z € A. Then go f is called the composition of f,g.

ii. Suppose C' is a set. Define the function ide : C — C by ide(z) = « for any € C. Then idc is called the
identity function on C.

(b) Answer.



(I) Suppose f is injective or f is surjective. (VII) Suppose f is surjective.

(MMzeA (VIII) Pick any

(I1) f(=) (IX) there exists some u € A such that x = f(u)
(IV) (f o f)(x) (X) (f o f)(w)

(V) the definition of injectivity (XI) (fo f)(u) = f(u)

(VI) f(z) =2 =ida(x) (XII) f =ida

(c) Solution.
Let B be a set, K be a subset of B, and ¢ : PB(B) — PB(B) be the function defined by ¢(S) = SN K for any
S € PB(B). Suppose ¢ is injective or ¢ is surjective.
We verify that g o = ¢:
o Pick any S € P(B). Then ¢(S)
It follows that ¢ o ¢ = ¢.

=SNK=SN(KNK)=(SNK)NK =¢(SNK)=p(x(S)) = (¢oe)(S).

By the result described in the Statement (7'), we have ¢ = idw p).

Since K is a subset of B, we have K = BN K. Then K = BN K = p(B) = id%»)(B) = B.

8. Answer.

(a)

(I) Pick any x € A
(IT) Pick any y € B
(IIT) f(t) =y forany t € A

III) x € A\{u}
IV) Define f : A— B by
V) for any

(
(
(
There are many correct answers: as long as the (VI) g: A — B
‘formula of f’ is ‘complete’ and f(x) =y accord-
ing to the ‘formula of f° (VI t =
(IV) Map(A, B) (VIII) ( ) =y =g(u) = Eu.(9)
(V) Bx(f) = f(2) = (1X) f
(b) (I) some distinct (X) y 7é o
(II) there exists some u € A such that E, is injec- (XI) f#9g
tive (XII) and
9. Answer.
(a) Suppose A, B are sets, and f: A — B, g: B — A are functions.
Then we say g is an inverse function of f if go f =id4 and fog=idp.
Alternative answer.
Suppose A, B are sets, and f: A — B, g : B — A are functions.
Then we say ¢ is an inverse function of f if both statements (x), (x%) hold:—
(%) For any = € A, (go f)(x) = x.
(x+) Forany y € B, (fog)(y) =y
(b) i a=-9,b=16.
ii. The inverse function of f, which is the function f=!:[-9,16] — [~2,3], is given by f~1(y) = \/4+ Vy +9

for any y € [-9, 16].
iii. A. V5
B. 7w

10. Answer.

(a) J=(1,400).

2
1 1
(b) The inverse function of f, which is the function f=! : J — (0,+00), is given by f~1(y) = 1 <ln <y—|—1>) for

any y € J.

11. Solution.

1
Denote the interval (0, +00) by I. Let f : I — R be the function defined by f(z) = <33 — ) for any = € I.
x

DN =



(a) Pick any z,w € I. Suppose f(x) = f(w). Then % <a: — ;) = % (w - 1).

We have 22w — w = w2z — x.

Therefore zw(z — w) = 22w — w?r = w — x. Hence (zw + 1)(x — w) = 0.
Since x,w € I, we have x > 0,w > 0 and zw + 1 > 0. Therefore x — w = 0. Hence x = w.

It follows that f is injective.

(b) Pick any y € R. Take z = y + 1/y? + 1. Note that z € I.
We have

= 3 (- )

— 1 y_|_1/y2_|_ _ y_\’y2+1 1
(y+ Vi + 1) (y —Vr Tt 1) 2

(y+ V2 +T+y—ViZ+1) =y

N |

It follows that f is surjective.

(c) The inverse function of f, which is the function f=!: IR — I, is given by f~!(y) =y + /y? + 1 for any y € R.

12. (a) i. Solution.
Let h: € — C be the function defined by h(z) = z for any z € C.
o [We verify that h is injective. This amounts to verifying: * For any z,w € C, if h(z) = h(w) then z = w.’]
Let z,w € €. Suppose h(z) = h(w). Then z = w. Therefore z =z = w = w.
It follows that h is injective.
o [We verify that h is surjective. This amounts to verifying: ¢ For any ¢ € €, there exists some z € C such
that h(z) = (']
Let ¢ € €. Take z = {. By definition, z € €. Also by definition, h(z) = Z = CZ: C.
It follows that h is surjective.
Hence h is bijective.
ii. Answer.
The inverse function h=! : € — € of the function h is given by h=1(z) = z for any z € C.
(b) Solution.
Let f : € — C be the function defined by f(z) = 222 for any z € C.

i. [We want to verify the statement ‘for any w € €, there exists some z € C such that f(z) = w.]
Pick any w € €. We have w = 0 or w # 0.

* (Case 1.) Suppose w = 0. Then f(0) =0 = w.

* (Case 2.) Suppose w # 0. (Note that |w| # 0. Then is well-defined as a complex number.)

1
Vlwl
w
Define 2 = ————. By definition, z € C.

({/Tw])?
9 w w ww wlw|?
We have f(z) = 27z = = = =
/e ((\S/IU}V) [(\?’/IWI)Q] (/Twhs |wl?

It follows that f is surjective.
ii. [We want to verify the statement ‘for any u,v € C, if f(u) = f(v) then u =v/]
Pick any u,v € C. Suppose f(u) = f(v).
Then [uf® = [u®a| = [f(u)| = [f(v)] = [v*0] = [,
Since |ul, |v] € R, we have |u| = |v|.
Now ulu|? = v?u = f(u) = f(v) = v*0 = v|v]? = v|u|?.
Then (u — v)|u|? = 0. Therefore u — v =0 or |u|?> = 0.

x (Csae 1.) Suppose u —v = 0. Then u = v.

* (Case 2.) Suppose u — v # 0. Then |u|? = 0. Therefore u = 0.
Also, |[v| = |u| =0. Then u=0=wv.



Hence, in any case u = v.
It follows that f is injective.
(c) Solution.
Write €* = C\{0}. Let g : €* — C be the function defined by g(z) = z/Z for any z € C*.

i. [We want to verify the statement ‘there exist some ug,vo € C* such that g(ug) = g(vo) and ug # vg’]

Take up =1, vg = —1.

We have ug,vg € € and ug # vg.

We have g(ug) = 1 and g(vg) = 1. Then g(ug) = g(vo).
It follows that g is not injective.

ii. [We want to verify the statement ‘There exists some wg € C such that for any z € C*, g(z) # wp.’]
Take wy = 2. Note that wg € €. We verify with the proof-by-contradiction method, that for any z € C*,
g(2) # wo:

o Suppose there existed some z € €* such that g(z) = wo.
Then |g(2)| = |wo| = 2.
For the same z, we have |g(2)| = |z/z| = |z|/|Z| = |z|/|z| = 1 # 2.
Now |g(z)| = 2 and |g(2)| # 2. Contradiction arises.

It follows that g is not surjective.

13. Solution.
Let a,b,c,d € €. Suppose ¢ # 0 and ad — bc # 0.

(a) Let z € C.
az+b a claz+b)—alcz+d) ad — be
N h ——= = - 0,b d —be # 0.
ote that o1d ¢ et d) ler T d) # 0, because a c #£
az+b  a
Th —.
i cz—|—d7éc

(b) Define the function f: C\{—d/c} — C\{a/c} by f(z) = Zjiz for any z € C\{—d/c}.
i. Pick any z,w € C\{—d/c}. Suppose f(z) = f(w).
az+b aw+b

cz+d  cw+d

Then Therefore

aczw + bd + adz + bew = (az + b)(cw 4+ d) = (aw + b)(cz + d) = aczw + bd + adw + bez.

Hence (ad — be)z = (ad — be)w. Since ad — be # 0, we have z = w.
It follows that f is injective.

¢ —b
ii. Pick any ¢ € C\{a/c}. Since ¢ # %, we have —c¢ + a # 0. Take z = 754 e By definition, z € C.
—d d¢-b d c¢(d¢—b)+d(—cC+a) ad — be
M —_—— = —_ = = 0.
Oreoven # 7 7 —c(+a te e(—c +a) e(—c +a) 7

Then z # fg. Hence z € C\{—d/c}.
_al(d¢—=b)/(=cC+a)]+b  a(d{—Db)+b(—cC+ a) (ad = bc)¢C+0

Ao by defuton, J2) = e h) (et )l +d  eld —b) +d(~eC +a)  0-CF(ad—b) O
It follows that f is surjective.
iti. The inverse function of f, which is f=1 : C\{a/c} — C\{—d/c}, is given by f~1(¢) = —chCi&—ba for any

¢ e C\{a/c}.
14. Solution.

2—2x+44 1
Let f: (0,400) — R be the function defined by f(z) = z s (

a8 xﬁ) for any x € (0,400).

92/3 92/3
(a) Take zg = —375 W0 = 33555
Note that g, wo € (0,400) and ¢ # wo.
Also note that f(xg) =0 = f(wo).

It follows that f is not injective.



(b) i. Let z € (0, +00).
By the Triangle Inequality for the reals, |22 — 2z + 4| < |22 + 4| + 22| = 22 + 22 + 4 = |2® + 22 + 4].
Note that |22 + 2z + 4| > 0.
x?2 -2z +4
x2+2x+4
ii. Take yo = 2. We verify that for any = € (0, +00), we have f(x) # yo:

o Let z € (0,+0).
2_2x+4 1 2 _2x+4 1
° T cos Sz T cleos | —= || <1-1=1<2.
x?+42x+4 x\/T 2242244 /T

Then <1.

We have |f(x)| =

Then f(z) # 2.
It follows that f is not surjective.

15. Solution.

. ' [ 2 if z€eQ@
(a) Let f: IR — R be the function defined by f(x) = { —23 if z€R\Q

i. We verify that f is injective:
e Pick any x,w € IR. Suppose f(z) = f(w).

We verify the statement ‘x,w are both rational or x,w are both irrational’ with the method of proof-by-

contradiction:
Suppose it were true that one of z,w was rational and the other was irrational.
Without loss of generality, assume = was rational and w was irrational.
Then by the definition of f, we would have f(z) = 2° and f(w) = —w3.
Therefore by assumption, —w? = f(w) = f(z) = 2°.
Since z,w € IR, we have w = —z3. Then, since = was rational, w would be rational.
But w was assumed to be irrational. Then w was simultaneously rational and irrational. Contradiction

arises.
It follows, in the first place, that x,w are both rational or x,w are both irrational.

We now verify that x = w:

* (Case 1.) Suppose z,w are both rational.
Then by the definition of f, we have 2° = f(z) = f(w) = w’. Since r,w € R, we have z = w.

* (Case 2.) Suppose x,w are both irrational. Then by the definition of f, we have —z3 = f(z) = f(w) =
—w?. Then, since z,w € R, we have z = w.

Hence in any case, © = w.

It follows that f is injective.

ii. We verify that f is not surjective:
o Take yo = 8. Pick any ¢ € RR.

We verify yo # f(t) by the method of proof-by-contradiction.

Suppose it were true that yo = f(¢).

Note that ¢ is rational or ¢ is irrational.

x (Case 1). Suppose t is rational.
Then by the definition of f, we would have 8 = yo = f(t) = t°. Since t € R, we would have t = /2. But
/2 is irrational.
Contradiction arises.

% (Case 2). Suppose t is irrational. Then by the definition of f, we would have 8 = yo = f(t) = —t>. Since
t € R, we would have t = —2. But —2 is rational.
Contradiction arises.

In any case, contradiction arises. It follows that in the first place, yo # f(t).

Hence f is not surjective.

2 if xeqQ

(b) Let g : R — R be the function defined by g(x) = { —29 it zeR\Q

i. We verify that ¢ is not injective:
o Take zg = 2, wg = — /2.
Note that z¢ # wp, o € Q, and wy € R\Q.
Since zg € Q, we have g(zg) = 7o = 23 = 8.
Since wy € R\Q, we have g(wg) = —wp® = —(—V/2)? = 8.

Then g(zo) = g(wo).
It follows that g is not injective.



ii. We verify that g is surjective:
» Pick any y € R. Then Yy, ¢/y are well-defined as real numbers.
Note that ¥y is rational or &%y is irrational.
* (Case 1.) Suppose & is rational.
Take t = ¢/y. By definition, ¢t € Q. Then g(t) = t* = (/y)* = v.
* (Case 2.) Suppose ¢y is irrational.
Take t = —¢/y. By definition, ¢y = (—t)3.
Since ¥y is irrational, —t is also irrational. Then ¢ is irrational.
We have g(t) = —t? = —(—)° = —(—y) = v.
It follows that g is surjective.

16. Solution.

(a) i. Let A,B,C besets,and f: A— B, g: B — C be functions.
Suppose g o f is surjective.
Pick any z € C.
Since g o f is surjective, there exists some x € A such that z = (g o f)(x).
Define y = f(x). We have y € B.
For the same z € A, y € B and z € C, we have ¢g(y) = g(f(z)) = (go f)(z) = .
It follows that g is surjective.
ii. Let A, B,C be sets, and f: A — B, g: B — C be functions.
Suppose g o f is injective.
Pick any 2, w € A. Suppose f(z) = f(w).
Then g(/(x)) = g(f(w)).
Note that (g o £)(z) = g(f(2)) and (g0 f)(w) = g((w)). Then (go f)(x) = (g0 f)(w).
Since g o f is injective, we have = = w.
It follows that f is injective.
(b) Let I,J,K besets,and a: [ — J, 8:J — K, v: K — I be functions. Suppose yo 30 «a, ao~o § are both
injective. Further suppose 3 o a oy is surjective.
Then:
(1) Both o« and « are injective. (Reason: v o o « is injective.)
(1) Both v o and § are injective. (Reason: « oy o 3 is injective.)
(b) Both 8o« and S are surjective. (Reason: o o« is surjective.)

Therefore, by (4), () combined, § is both surjective and injective.
Also, by (#), (b) combined, o « is both surjective and injective.
By (#) alone, « is injective. We verify that « is surjective:
e Pick any y € J. Take z = 3(y). By definition, z € K.
Since 8 o « is surjective, there exists soem x € I such that z = (8 o a)(z).
For the same x,y, z, we have 3(y) = z = (B o a)(x) = B(a(x)).
Since f is injective, we have y = a(x).
It follows that « is surjective.
Hence « is both surjective and injective.
We verify that v is both surjective and injective:
e Pick any u € I. Take v = a(u), w = B(v). By definition, w € K.
Since o o o 7y is surjective, there exists some ¢t € K such that w = (5o a0 7)(t).

For the same f(a(u)) = w = (80 a 07)(t) = B(a(1(1)))

Since f is injective, we have a(u) = a(y(t)). Now, since « is injective, we have u = (t).
e Pick any r,s € K. Suppose y(r) = v(s).

Since £ is surjective, there exist some p,q € J such that r = 8(p) and s = 3(q).

Since « is surjective, there exist some m,n € I such that p = a(m) and ¢ = a(n).

Then, for the same m,n,p,q,r, s, we have

(yo Boa)(m)=~(B(a(m))) =v(B(p)) =(r) =(s) =v(B(q)) = (B(a(n))) = (yo Boa)(n).

Since v o B o « is injective, we have m = n. Then r = 3(p) = B(a(m)) = B(a(n)) = B(q) = s.
It follows that ~y is injective.

Hence ~ is both surjective and injective.



17. Solution.

(a)

Take A = {0}, B ={1,2}, C = {3}. Here 0,1, 2,3 are pairwise distinct objects. Define the function f: A — B by
f(0) = 1. Define the function g : B — C by g(1) = g(2) = 3.

The function go f : A — C is given by (g o f)(0) = ¢g(f(0)) = g(1) = 3.

Pick any z € C. Since C' = {3}, we have z = 3. Note that 0 € A and (go f)(0) = 3 = z. It follows that go f is
surjective.

Note that 2 € B. Pick any € A. Since A = {0}, we have x = 0. Then f(z) = f(0) = 1 # 2. Therefore the
function f is not surjective.

Take A = {0}, B ={1,2}, C = {3}. Here 0,1, 2,3 are pairwise distinct objects. Define the function f: A — B by
f(0) = 1. Define the function g : B — C by g¢(1) = g(2) = 3.

The function go f : A — C is given by (g o f)(0) = g(f(0)) = g(1) = 3.

Pick any xz,w € A. Suppose (go f)(z) = (go f)(w). Since A = {0}, we have z = 0 = w. It follows that go f is
injective.

Note that 1,2 € B, 1 # 2 and ¢g(1) = ¢g(2) = 3. Then the function g is not injective.

18. Solution.

(a)

(b)

Let A,B,C,D besets,and f: A— C, g: B— D be functions. Suppose f(z) = g(z) for any z € AN B. Suppose
f, g are surjective.
Pick any y € C U D. By definition of union, y € C or y € D.
e (Case 1.) Suppose y € C. By the surjectivity of f, there exists some x € A such that y = f(x).
Since x € A, we have x € A or x € B. Then x € AU B. We have y = f(z) = (f Ug)(x).
e (Case 2.) Suppose y € D. By the surjectivity of g, there exists some w € B such that y =
Since w € B, we have w € A or w € B. Then w € AU B. We have y = g(w) = (f U g)(w).
It follows that fUg: AU B — C U D is surjective.
Take A = {0}, B = {1}, C = D = {2}. (Here 0,1 are distinct objects.) Define the functions f : A — C,
g: B — Dby f(0) =2, g(0) = 2. The functions f,g are injective.
Note that AN B = ). Hence it is (trivially) true that f(z) = g(z) for any x € AN B.
The function fUg: AUB — CUD is given by (fUg)(0) = f(0) =2, (fUg)(1) = g(1) = 2. Note that 0 # 1 and
(fUg)(0)=(fUg)(1). Hence f U g is not injective.

g(w).

19. Answer.

(a)

(I) L is a subset of H x K (VII) (z,y) € G and (x,2) € G
(II) a relation (VIII) Y=z

IIT) Fi D

(I1I) For any x € (IX) D

(IV) y € R

(V) (2,y) € (X) R

(VI) For any = € D, for any y,z € R (XI) G

i (p.q) = (0,0) or (p,q) = (0,1).
(s,t) = (1,7), provided that —2 <7 < 2.

w

ii. (p,g) =(1,1) and (s,t) = (2,1).

Alternative answer: (p,q) = (1,2) and (s,t) = (2,2).
(m,n) = (0,0).

(p,q) = (1,1) or (p,q) = (1,2).

iii.

20. Answer.

(I) F is a subset of A x B

(IT) there exists some y € B
(III) Pick any = € A.
(Iv) 0
(V) 4
16 — (z — 2)*
(VI) Define y =4 + #



(VII) y € B

2
(VIII)(x_2)4_|_4. 4+ 16—(x—2)4_4] :(x_2)4+4.w:16

4

(IX) (z,y) € F

(X) if (x,y) € F and (z,2) € F then y = 2

(XI) Pick any « € A. Pick any y,z € B. Suppose (z,y) € F and (x,z) € F.
(XII) (x —2)* +4(y —4)* = 16

(XIII) since (x,z) € F, we have (x —2)* 4+ 4(2z — 4)? = 16

(xtvy 0@ =2 (Z —2)*
(XV) V{y—42=/(2-4)2=2-4
(XVI) y ==z

21. (a) Answer.
(I) F is a subset of € x E

(IT) relation
(III) for any z € C, there exists some w € E such that (z,w) € F
(IV) Pick any z € C.

(V) well-defined

(

z—1
VI) Defi s -
) Define w = +1—|—|z—1|
) z—1 ) z—1 |z — 1]
VII — —q| = =
( )Z+1—|—|z—1| ! ‘l—l—z—l 1+z—1]
(VII) w e B
z—1

X) for any z € C, for any w,v € E| if (z,w) € F and (z v) € F then w = v
XI) Pick any
X1I) €
XIII) E
XIV) Suppose (z,w) € F and (z,v) € F
V)[4 |z=1)(w—=i)+1]—-[1+]z=1)(v—9)+1]=2—-2=0
(XVI) w—v=0
(b) Answer.

(
(
(
(
(
X

z—

The explicit ‘formula of definition’ of f : € — E is given by f(z) = m

for any z € C.
(c) Solution.
We verify that for any z,u € C, if f(z) = f(u) then z = u:
o Pick any z,u € €. Suppose f(z) = f(u).

-1 u—1
We b P ) =flw) =it —
e avez+1+| ] f(z) = f(u) Z+1+\u71|
z—1 u—1

Th = .
MIr o1 T+ u—1 ()

|z — 1] z—1 u—1 lu — 1]
Theref = = = .
O T 1 " 11| Tt fu—1] 1+fu—1
Now |z =1+ |z =1 - Ju—=1=Q4+|u=-1])-lz=1=0Q+]z=1]) - Ju=1=|Ju—=1]+ |z = 1] - Ju—1].
Then |z — 1| = |u — 1]. —— (*%)

-1 -1 -1

By (%), (%*), we have c = N . Then z — 1 = u — 1. Therefore z = u.

I1+z—1 14+Ju—-1] 1+z—-1]
(d) Solution.
We verify that for any w € E, there exists some z € C such that w = f(2):
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e Pick any w € E.

Note that |w —i| < 1. Then 1 — |w — i| # 0. Therefore % is well-defined as a complex number.
—|w—1
Define z =1+ v —. By definition, z € C.
1—|w—1
We have |z — 1] = w—z. = |w—z|'.
1—jw—1i 1—|w—i
) z—1 4+ w=-9)/Q—-|w=d])] -1 . w—1
We have f(z) =i+ —— =1 - : =1+ - T = W.
IO = Tt /(1w i) @ fw—i) w1
(e) Answer.
The explicit ‘formula of definition’ of f=!: E — C is given by f~1(w) =1+ #_Z' for any w € FE.
—|w—1

22. Solution.
Let C = {(z,y) | z € Rand y € R and 922 + 16y* = 144}.
(a) Let A=1[0,4], B=1[0,3],and F =CnN (A x B).
Define f = (A, B, F). By definition, F' is a subset of A x B. Then f is a relation from A to B with graph F.
We verify the statement ‘for any x € A, there exists some y € B such that (x,y) € F":

e Pick any z € A. We have 0 < x < 4. For this x, define y = g\/lﬁ—ﬂ. We have 0 <y < 3. Then y € B.

2
3 3
We have 922 + 16y = 922 + 16(4 V16 — x2> = 144. Hence (x, 1\/ 16 — xz) eF.

We verify the statement ‘for any « € A, for any y,z € B, if (z,y) € F and (z,z) € F then y = z:

e Pick any « € A. Pick any y,z € B. Suppose (z,y) € F and (z,z) € F.

Since (x,y) € F, we have 922 + 16y? = 144. Since (z,z) € F, we have 922 + 1622 = 144. Then 922 + 16y* =
922 + 1622. We obtain y2 = 22.
Since y,z € B, we have y > 0 and z > 0. Theny:\/yi?:\/zﬁ:z.

It follows that f is a function.

(b) Let A=12,3], B=[-1,4],and F =CnN (A x B).
Define f = (A, B, F).
We dis-prove the statement ‘for any x € A, for any y,z € B, if (x,y) € F and (x,z) € F then y = z:

82

o Take xozT,yoz—l, zo = 1.

128
Note that z¢? = o5 Then 4 < 292 < 9. Therefore 2 < zy < 3. Hence zo € A.

Also note that yg, 29 € B and 2y € B, and yg # 2p.
We have 9242 + 16yo2 = 144. Then (x¢,y0) € F.
We have 9202 + 16292 = 144. Then (zq, z0) € F.

Hence f is not a function.
(c) Let A=[1,4], B=10,5/2],and F =CnN (A x B).
Define f = (A, B, F).
We dis-prove the statement ‘for any « € A there exists y € B such that (z,y) € F:
e Take 2o = 1. Note that zo € A.

5 25
For any y € B, we have 0 <y < ok Then y? < R
25
Therefore 9 - 2¢% + 16y? = 9 + 1632 < 9 + 16 - Vilni 109 < 144. Then (zg,y) ¢ F.

Hence f is not a function.

23. Solution.
Let I = (0, +00).

z € I and }

Let ' = {(p, z) there exist some ,y € I such that p = (z,y) and 2% 4+ 2(z + y)z = 2% + 3>

Define f = (I%, 1, F).
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(a) By definition, F' C I? x I. Then f is a relation from I? to I with graph F.
We verify that for any P € I?, there exists some z € I such that (p,z) € F:

(b)

o Pick any p € I%. There exist some z,y € I such that p = (x,y).

Note that 22 + y? + (x + y)? > (x + y)? > 0.
Then /22 + y2 + (z + y)? is well-defined as a real number. Also, /22 + 32 + (z + y)? > 2 + y. (%)
Define z = —(x +y) + /22 + 42 + (z — y)2. By (%), z is well-defined as a positive real number. Then z € I.

2
We have 22+ 2(¢ + 9)z + (2 +9)> = 2+ (@ + )2 = (VO T2+ @ +9)?) =2 +y + (@ +y)*
Then 22 + 2(z + y)z = 2% + y?. Therefore (p, z) € F.

We verify that for any p € 12, for any z,w € I, if (p,z) € F and (p,w) € F then z = w:

o Pick any p € I%. Pick any z,w € I. Suppose (p,z2) € F and (p,w) € F.

Since (p,z) € F, there exist some z,y € I such that p = (x,y) and 22 + 2(z + y)z = 22 + 2.
Since (p,w) € F, there exist some u,v € I such that p = (u,v) and w? + 2(u + v)w = u? + v2.
Since p = (x,y) and p = (u,v), we have (z,y) = (u,v). Then x = u and y = v.

Then 22 4+ 2(z + y)z = 2% + y? = u? + v = w? + 2(u + v)w = w? + 2(z + y)w.

Therefore (z — w)[z + w + 2(z +y)] = 22 —w? +2(x + y)z — 2(x + y)w = 0.

Since z,w,x,y € I, z 4+ 2+ 2(x + y) is a positive real number. Then z — w = 0. Therefore z = w.

It follows that f is a function from I2 to I with graph F.

i.

ii.

iii.

The explicit “formula of definition’ of f : I? — I is given by f(z,y) = —(z +y) + /22 + y2 + (z + y)? for any
xz,y € R
Note that for any ¢ € I, we have f(t,t) = —(t +t) + /12 + 12+ (t + )2 = =2t + V12 + 12 + 4¢2 = (/6 — 2)t.
We verify that for any z € I, there exists some p € I? such that z = f(p):

e Pick any z € I.

Take x = T2
We have f(z,z) = (V6 —2)x = (V6 — 2)

. By definition z € I. Then (z,z) € I?.

z
. T
It follows that f is surjective.
We verify that there exist some p1,ps € I? such that p; # ps and f(p1) = f(p2):
o Take x1 =1,y1 = 2,20 =2,y2 = 1.
We have (z1,y1) € I? and (22, y2) € I2. Also, (z1,y1) # (72,92).
Note that x1 = y» and o = y;.

We have f(z1,91) = —(z1 +y1) + \/$12 +y?+ (1 +y)? = —(y2 + x2) + \/922 + 222+ (Y2 +22)2 =
—(22 +y2) + Vo222 + Y22 + (w2 + y2)? = f(22, 12).
It follows that f is not injective.
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