MATH1050BC/1058 Assignment 2 (Answers and selected solution)

1. Answer.

(a) True. (¢) True. (e) True.
(b) False. (d) False. (f) False.

2. Answer.

(a) I) Suppose x +y > 1 and z >y
I (z —y)(z+y—1)

III) Since

IV)z >y
Viz+y—1>0andxz—y >0
VD) (z—y)(z+y)—(z—y)>0
VII) 22 —y? >z —y

I) Let 2,y € IR. Suppose > 0 and y > 0.

[

IT) z — y is (also) a real number
IvV) >0
V) (2° + ) —ay(z +y) 2 0

IT) 0
I1II) (y + 2% — 2yz) + (m + 2% — 212)
V) (z +9)* + (y — 2)° (ﬂl?—Z)2

)+
V) (y —2)? >0 and (z —
VI) (z+9)* + (y - Z)Jr(af—z2

VIII) (y —2)?=0and (z —2)2=0
X)z4+y=0andy—z=0andxz—2=0
X)z=0andy=0

=

XI) z =
(d) I) Suppose y >z > 0 and z > —y
II) z > —y
I11) > 0
IV) Suppose
V) zy > zz
(V1) (x+z)y—x(y+z)>0
y(y +2)
r+z x
VII) S > —
(VII) upposey+z ”
T+ z T
) 22 z.
(VI = ~yly+2) > 2yl +2)
(IX) zy — zax = (zy + zy) — (xy + z2) >0
(X) and
XI) z<O0andy—z <0
(XII)x+Z>—1ffz>O
y+z Y

3. Solution.

D) (z+y)(@® -2y +9°) —ay(z+y) = (v +y)(2® - 22y +y°) =

(g) False.
(h) False.

(z+y)(z

—y)?

(i) False.
(j) False.



3
(a) Let x be a real number. Suppose 2z — — > 1. —— (%)
x

3
Note that = # 0 (because — is well-defined as a real number.)
x

Since z is a non-zero real number, 22 > 0. Then by (x), we have
3 3 2 2 2
2x° — 3x = 23:—; xf=>1-z"==zx
Therefore z(z + 1)(2z — 3) = 223 — 22 — 32 > 0.

Hence —1 <x <0or x> 1.5.
Recall that x # 0. Then —1 <z <0 or z > 1.5.

2
-1
(b) Let = be a real number. Suppose ; — <=2 — (%).
2
-1

Note that 22 — 4 # 0 (because b is well-defined as a real number). Then x # —2 and = # 2.

Since 22 — 4 #0, 22 — 4 > 0.

Then, by (%), we have

2
-1
(22 —1)(a2 —4) = = (22 — 4)2 < —2(2 — 4)2

Therefore
3(z42)(z+V3)(z —V3)(x —2) = (22 — 4) (322 — 9) = (2% — 4)[(z? — 1) + 2(z* —4)] < 0.

Hence —2§x§—\/§or\/§§x§2).

Recall that x # —2 and x # 2. Then 2<r<—3orvV3<z<2.
(c) Let x be a real number. Suppose |z? — 5z| < 6.

Then —6 < 22 — 5z < 6. —(%)

In particular, we have 22 — 52 > —6 by (%).

Then (z — 2)(z — 3) =22 — 5z + 6 > 0.

Therefore x < 2 or & > 3. —— (%1)

Also by (%), we have 22 — 5z < 6.

Then (x + 1)(x — 6) = 22 — 5z — 6 < 0.

Therefore —1 <z < 6. —— (%2)

Now, by (*1), (*2) (simultaneously), we have (z <2 or z > 3) and —1 < z < 6.

Then (by Distributive Law for conjunction and disjunction), we have
(r<2and —1<z<6)or (z>3and —1<z<6)

Therefore —1 < x < 2or 3 < x < 6.

3$+;1’<2. W)

(d) Let z be a real number. Suppose

11
Note that « # —2 (because So +

is well-defined as a real number.)

Since x # —2, |z + 2| > 0.
By (x), we have

3z 411 |32 + 11|
0< |3z +11| = Jr42l="" 42l < 2z + 2.
<o) = |2 oo = B ooy <o
Then
(3x +11)% = |3z + 11 < (2|z + 2|)? = 4(x + 2)%
Therefore

Bz +3)(z+7) = [(3z+ 11) + 2(z + 2)][(3z + 11) — 2(z + 2)] = (32 + 11)2 —4(z +2)> < 0

Hence —7 < z < —3. (Note that ‘z # —2’ has been incorporated also.)



()

Let x be a real number. Suppose | |z| —4 | > 3. ——(%)
We have |z| —4 < =3 or |z| —4 > 3.
o (Case 1.) Suppoe |z| —4 < —3. Then |z| < 1. Therefore —1 < z < 1.
o (Case 2.) Suppose |x| —4 > 3. Then |z| > 7. Therefore x < —7 or x > 7.

Hence, in any case, z < —Tor -1 <ax <lorxz>T.

|z* — 3] 2|z|
Let x be a real number. Suppose < . *
RO e 12 Vzr2 - (-1 vz r2 )
2% — 3] 2|z|

Note that z # —1 and = > —2 (because are well-defined as real numbers.)

(x—1)2- Vo +2 (x—1)2 Vo +2
Since x # —1, (x — 1)2 > 0.

Since x > —2, vV +2 > 0.
By (x), we have

|22 — 3]

(x—1)2-Vx+2

2||

(r—1)2-Vr+2

(x? =3)* = |22 -3 = (z—1)?-Vrt+2< (=12 Vo +2=(2z])?* = 422

Then
(x=3)(z+1)(z—1)(z+3) = (2% — 22 — 3)(2® + 2z — 3) = [(2® — 3) — 22][(2® — 3) + 2] = (2® — 3)? —42® <0

Then -3 <zxz<-lorl<zx<3.
Recall that x # —1 and > —2. Then Then -2 <z < —-lorl <z <3.

4. Solution.

(a)

Let x,y be real numbers. Suppose z <y < 1.

1—2)—a2(l- -
Note that y a: :y( z) — ( y): y—z (%)

-y 1-2  (-o0-y  (-o0-y
Since ¢ < 1, we have 1 — z > 0. Since y < 1, we have 1 —y > 0.

Since z < y, we have y —z > 0.

Since 1l —x >0and 1 —y >0 and y — > 0, we have _y-r > 0.
(1-=z)1-y)

Then by (), we h 4 T >0

en we have - .

v D -y 1-=x
Therefore — < Y
1l—2x 1—y
Argument with the help of the previous part.
Let x,y be real numbers. Suppose 0 < z <y < 1.
By (1), wehavelfx< lgy. (1)
. a? z y
By assumption, we have z > 0. Then by (}) also, we have =x- <x- . (1)
1—2z 1—2 1-y
By assumption, we have 0 < y < 1. Then T Y > 0.
y y y?
Therefore by (f) also, we have x - T <y- F— =1 "
a? y y y?
We now have <z- and x - < .
11—z 1—y 11—y 11—y
2 2
Then v < i .
l—-z 1-—y
Direct argument.
Let x,y be real numbers. Suppose 0 < x <y < 1.
2 2 2 1— 2 1— _ 1—(1-— 1—
Note that Y _ & _y(-a)-*(1-y) _ -2l -(1-2)1-y)] *)
l-y 1-= (1-2)(1-y) (1-=z)(1-y)

Since 0 <z <1l,wehave 0 <1—2x < 1. Since0<y<1, wehave 0 <1—y <1.
Now we have 0 <1 —z <land 0 <1—y < 1. Then 0 < (1 —2)(1—y) < 1. Therefore 1 — (1 —z)(1 —y) > 0.



Since z < y, we have y —z > 0.

(-2l -1 -2)-y)]

Sincel—x>0and 1—y>0andy—z>0and 1 — (1 —2)(1 —y) > 0, we have
o=y -y

> 0.

2 1'2

> 0.

Then by (%), we have 1y_ P —
2 2

< 4 .
—x 1—-y

Therefore

5. Solution.

(a) Let x be a real number. Suppose x > 0.

Note that vz + 2,v/x + 1,1/7 are well-defined and (v +2)2=2+2, (Vz+1)2 =2+ 1 and (1/7)? = =.
We have vz + 2+ vz + 1> 2Vz +1 > 0. Therefore

mim:(\/x+27\/x+1)(\/x+2+\/x+1) o (@42)—(z+1)

Ve+2+yvr+1 Vz+2+Vz+1
1
C Vr 24+ Vo1
1 1

Ve+1l+vVz+1 :2\/x+1
We also have 0 < vz + 1+ +/x < 2¢/z + 1. Then

Vit yae VeI Va(Wrtlsve) (@t -

Ve+1+x Ve+1+x
B 1
Ve+1+x
1 1

Vitl+vVitl 2Vztl

1
Hence vz +2 — Vo +1< ——— <z +1— /.
ence /T T+ SNCES T N
(b) Let k be an integer amongst 10,11,12,---,10000.
1
We have 2(vk + 1 — Vk) < 7E <2k —Vk—1).

Then

10000 10000 10000
2(V10001 —v10) = Y~ 2(Vk+1-VEk) < Y L. > 2(Vk — vk —1) = 2(v/10000 — v/9)
k=10

k=10 k k=10

S

Note that 2(1/10000 — v/9) = 2(100 — 3) = 194.
Also note that 2(v/10001 — /10) > 2(+/10000 — v/3.32) = 2(100 — 3.3) = 193.4 > 193.

10000

Therefore 193 < — < 194.

6. Solution.

Suppose z,y are real numbers.

We have
(w2+y2)3—(:c3+y3)2 _ (1‘6+3x4y2+3$2y4+y6)—(£C6+21'3y3+y6)
= 22?322 + 3y° — 2xy)
= 207 + 27 + (2 - y)?] ——(1)

Since x,y are real numbers, (x — y)2 > 0.
Note that z2 > 0 and y2 > 0.
Then z2y?[222 + 2y + (v — y)?] > 0.



Therefore, by (1), we have (22 + %)% — (23 + y3)2 > 0.
Hence (22 + 4%)% > (23 + %)%
We now verify that (22 + ¢y?)® = (23 +y3)? if e =0 or y = 0:—
e Suppose x =0 or y = 0.
* Suppose x = 0. Then (22 + y?)3 =y = (2® + 33)%
— 28 = (23 + y?)2.
o Suppose (22 + 3?)? = (23 + y3)2. Then, by (1), we have 22y?[222 + 2y + (z — y)?] = 0.
Therefore z = 0 or y = 0 or 222 + 2y* + (x — y)? = 0.
If 222 + 2y% + (z —y)?’=0thenz =y =2 —y = 0.
Hence x =0 or y = 0.

* Suppose y = 0. Then (22 + y?)?

7. Solution.
Let m,n be positive integers. Let « be a positive real number. Suppose m > n.

We have
1 1 m _ .n m o__ .n m+n_1
<$m+m>_<xn+n>:($m_xn)_x z :(l‘ l‘)(l‘ )
€T x

xm—i—n zm—Q—n

Note that ™" > 0. We verify that (z™ — z™)(z™*" — 1) > 0:

e (Case 1). Suppose 0 < z < 1. Then 0 < ™™™ < 1 and 2™ > 0.
Therefore 2™ — 2" = (™™™ — 1)z < 0. Hence 2™ — 2" < 0.
Also 0 < 2™*t™ < 1. Then 2™t — 1 < 0.

It follows that (z™ — z™) (2™ — 1) > 0.

o (Case 2). Suppose > 1. Then ™™™ > 1 and 2™ > 0.
Therefore 2™ — 2™ = (™™™ — 1) - ™ > 0. Hence 2™ — 2™ > 0.
Also z™*" > 1. Then 2™ —1 > 0.

It follows that (z™ — z™)(z™*t" — 1) > 0.

Therefore, in any case, (™ — x™)(z™T" — 1) > 0.

1 1 m_ ™) (g™t — 1 1 1
It follows that (a:m + ) — (a:" + ) = (@ ") (@ ) > 0. Hence 2™ 4+ — > 2" + —.
x™m xn x™m xm

mern

1 1
e Suppose x = 1. Then 2™ + — =2=2" + —.
x

xn

1 1
e Suppose 2™ + — =™ + —. Then
xm In

xn Im+n

Therefore 2™ = z™ or ™" = 1.

% (Case 1). Suppose ™ = 2™. Then 2™ " = 1. Since m > n, we have m —n > 0. Since x > 0, we have x = 1.
* (Case 2). Suppose ™™ = 1. Note that m +n > 0. Since x > 0, we have z = 1.

Hence, in any case, we have z = 1.

8. Solution.

(a) Suppose u, v are positive real numbers.
Vi, /v, Juv are well-defined, and u = (y/u)?, v = (Vv)2, Vuv = Ju/v.
Vu — /v is well-defined as a real number. Then (y/u — /v)? > 0.
Therefore u + v = (Vu)® + (vv)* = (Vu — 0)* + 2Vuy/v > 2\/u/v = 2y/uv.

utv > Juv.

H
ence —




(b) Suppose a, b, ¢,d are positive real numbers.
Then a + b > 2v/ab.
Also, ¢+ d > 2V/cd.

b d /
Note that vab, Ved are also positive real numbers. Then M >/ VabVed.

Therefore,
at+btetd 1(a+b c+d \ﬁJr\F
4 - 5 2 T 2 abc v abed.
iti r+s+1 . o
(c) Suppose r,s,t are positive real numbers. Define u = — Note that  is also a positive real number.
t
We have W > Vrstu.
Note that -2 F% _ rtst+i+(r+s+t)/3 r+s+t
4 4 3
t
Thenu_wz Vrstu = Vrst - V.

Note that u > 0, and /u > 0. Then (v ) > Vrst.

4 4
Therefore %SH { ] ( > = (1\2/ rst) = /rst.

9. (a) Answer.
Suppose u, v are real numbers. Then |u + v| < |u| + |v|. Moreover, equality holds iff uv > 0.
(b) Answer.
i. Suppose k, A are complex numbers. Then we say k is a non-negative scalar multiple of A if there exists a
non-negative real number ¢ such that k = cA.
ii. Suppose ¢,n be complex numbers. Then |¢ + n| < || + |n|. Moreover, equality holds iff at least one of {,7 is a

non-negative scalar multiple of the other.

(¢) Solution.

i. Let x,a,b be real numbers. Suppose b > 0, and |z —a| < b. —— (%)
We have
2* —a®] = |z —a)(z+a)l =z - a)l(x —a) +2d]| = |z —a] - [(z — a) + 2a]
< |z —a|(Jr —a| +1|2a]) (by Triangle Inequality)
= |z —al(jz —af +2[a])
< b(b+2la]) (by (x)
ii. Let x,a,b be real numbers. Suppose b > 0, and |z — a|] < b. —— (%)
We have
|28 —a®| = |[(z—a)+a]®—d® = |(z —a)® +3a(zx — a)® + 3a*(z — a)|
< (= —a)?|+ 3a(z — a)?| + |3a*(x — a)| (by Triangle Inequality)
= |z —al®+3|al- |z —a* +3a* |z — a
< b3+ 3lalb® + 3a%b = b(b* + 3|a|b + 3a®) (by ()
iii. Let ¢, a, 8,7 be complex numbers. Suppose |¢ + 2ia| <1, |¢ — (/2| <1, |¢ —4y] <3. —— (%)
Then
20 —2id — B +4| = [(¢—2i@) + (2¢ - B) + (=¢ + 47)|
< [¢—=2ia|+|2¢ - B+ |- (+4y| (by Triangle Inequality)

[(¢ = 2i@)| + [2(¢ — B/2)| + | — (¢ — 4v)|
¢ + 2ial +2|¢ — B/2| + [ — 49|
142:14+3=6 (by (x))

IN



iv. Let ¢ be a complex number. Suppose 0 < (| < 1.

Note that 1 —|¢| > 0. —— (*1)
Also note that |¢[1?59 > 0. (x2)
Further note that 0 < [¢[?*1? < 1. Then 0 < 1 — [¢]39 < 1. —— (x3)
We have
4060 4060
Z ko< Z ’Ck | (by Triangle Inequality)
k=1050 k=1050
4060
= > K
k=1050
3010
= [¢[ro0- Z ISk
—_ ‘C|1050 K'BOH
1=
|C|1050
< (by (x1), (x2), (x3))
1—|¢]
v. Let a be a complex number and n be a positive integer. Suppose |a| > 5.
1 1 1
(Note that a # 0. So — is well-defined as a complex number. Also note that o # 5. So Pt ﬁ are
@ — -5/«
well-defined as complex numbers.)
We have
=« =\« 1-5/a 1-5/a
n 5k 1 5n+1/an+1 5n+1
Th = = = _ - _ )
enz (175 kzzoak 1-5/a 1-5/a a™(a —5)
By assumptlon, |a| > 5. Then by the Triangle Inequality, we have |ao — 5] > o] — 5 > 0. —— (%)
Therefore
i 5k a ‘ 5l ‘
= ok a—5 a™(a —5)
5n+1
~ Jaffer— 5|
5n+1

(el =5 )

10. Solution.
(a) Suppose n is an integer greater than 2.
1 2 k—1
Note that for each integer k between 2 and n, we have 0 < — < 1,0< — <1, ..., 0 < —— < 1.
n n n

Then, for the same k, the inequalities below hold:—

o< (- (1-2) (1) e




Then

< 1r2iyg2
< g+ ()
=2
= 27
i=0 L

(b) Suppose n is an integer greater than 2.

2 n 2 n+1
Note that <1 + > > 0, and (1 + > > 0.
n

n+1
We have
9 n+1 92 n
1 1 n
| Eﬁ;))n : ((jj—;)l) (55) = [ei o) (+75)
- 2>r' () — @)
Note that —1 < # < 0.

(n+1)(n+2)
Then, by Bernoulli’s Inequality, we have

2 n
[1(n+1)(n+2)} R e Y

2
Since 1+ T > 0, we have by (1), (2),

2 \""!
<1E"21>>" - [ aromse) (i)

2n 2 2n 4n
o [1_ (n+1)(n+2)KHn+1> =l m+1)(n+2) (n+1)32(n+2)
B 2(n+1)(n+2) —2n(n+1) —4n 4
= (n+12(n +2) = iy !

2 n 2 n 2 n+1
Recall that | 1+ — > 0. Then [ 1+ — 1+ —— .
n n n—+1

11. Answer.
(a) I) Suppose

) tt— st = (2 = 2) (2 + %) = (t — s)(t + s)(t* + 5?)

III) s < ¢

IV) s > 0 and

V)s+t>0

VI) t2 >0

VII) s >0

(
(
(
(
(
(
(
(VIII) 2 + 52 > 0



12. Solution.

~~
—~
[
S~—
\
~
—

IX) f(t) = f(s) >0
X) f is strictly increasing on [0, +00)

I) Suppose f is strictly decreasing on R.
IT) Pick any s,t € IR. Suppose s < t.

) g(s) — g(t) = (f(5) — 25%) — (F() — 26%) = (f(5) — (1) +2(t — )(£2 + st + 57)
IV) Since f is strictly decreasing and s < ¢
V) 2 + st + s?

t)+2(t—s)(t2 +st+s%) >0

(a) Denote by P(n) the proposition below:—

o [We verify P(1).]
We have 1 <1 =2y/1— 1. Hence P(1) is true.
o [We verify the statement ‘for any positive integer k, if P(k) is true then P(k + 1) is true’]

1+

S
L

B
L

sl-

Let k be a positive integer. Suppose P(k) is true.
Then (2\/E —-1) - (

We deduce that P(k + 1) is true:
We have

Then 14+ —=+—F42=+ -+ —=+

(b) Denote by P(n) the proposition

1
V2

o [We verify P(1).]

‘We have

1 1
<2Vk+1-—1. Hence P(k +1) is true .
Vi VE+ ( )
By the Principle of Mathematical Induction, P(n) is true for any positive integer n.
3n)! 27"
) _ 2
(n)2 " 9n
27!
91

(3-1)!
(11)3

\%

1
V3

11 1
I+ —+—=+-+—] 0.
V2 V3 \/E)

11 1 1
VEFT-1 - (14 o ot
11 1 1
(2\/k+1—1)—(1+\@+\/§+...+\/%+ -
Q(W_\/E)_\/klﬁ+(2\/%_l)_<l+\}§
2VEHT = VR = = (by P(F)
2 1
VET1+vVE VE+1
VE+1-Vk 1

WVEt1+VhvE+T (VE+1+vVERVE+1
0

o [We verify the statement ‘for any positive integer k, if P(k) is true then P(k + 1) is true']
Let k be a positive integer. Suppose P(k) is true.

Then

(3k)! Ok

(&) 27F

L—(

We deduce that P(k + 1) is true:—



13.

Bk+1)]! 9k+1)  (3k+3)(3k+2)(3k+1) (3k)! 9k k+1
[(k+ 13 27k1 (k+1)3 (kD3 27F 27k
(3k)! 9k (k+2/3)(k+1/3)

(k)3 27k (k+ 1)k

(k+2/3)(k +1/3)

B +k+2/9 2

=1
21k *0k2 + ok

V
—

> 1 (because > 0)

2
9k2 + 9k
[3(k+1)]! 27k +1

Note that 271 > 0 and 9(k + 1) > 0.) Th .
(Note tha >0 and 9(k+1) > 0.) Then [(k+1)!]3>9(k+1)

Hence P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for any positive integer n.

(a) Solution.
Suppose A, B, a,b are real numbers.
Then (A2+a2)(B2+b2)— (AB+ab)? = A2B2+a2b?+ A2b? + B2a? — A2B? —a2b® —2ABab = A%b?+ B2a®—2ABab =
(Ab — Ba)?.
Sine A, B, a, b are real numbers, Ab — Ba is a real number. Then (Ab — Ba)? > 0.
Therefore (A2 + a?)(B? + b?) — (AB + ab)? > 0.
Hence (A? + B?)(a® + b?) > (Aa + Bb).

(b) Answer.
2
n n n
(1) If a1, a2, -+ ,an,b1,ba, -+ , b, are non-negative real numbers, then Zaﬁ Z bj2 > Zajbj
j=1 j=1 j=1
Alternative answer.
n n n 2
Suppose a1, asg, - ,an,b1,be, - , b, are non-negative real numbers. Then z aj2 Z bj2 > Z a;b;
j=1 j=1 j=1
Unacceptable (because they are wrong).
e For any integer n greater than 1, if ay,as, -+ ,an,b1,bs, -+ , b, are non-negative real numbers, then
n n n 2
2 2
Do || 207 2 | 2t
j=1 j=1 j=1
2
n n n
2 2
o [ (b ] 2 | ety
j=1 j=1 j=1
(IT) For any integer k greater than 1, if P(k) is true then P(k 4 1) is true.
(ITI) Let k be an integer greater than 1. Suppose P(k) is true.
(IV) Suppose ai,as,- - ,ak, ag+1,b1,b2, -+, bi, bgy1 are non-negative real numbers.
k+1 k+1
(V) By P(2), we have Z aj2 Z bj2 = (A2 + ak+12) (32 + bk+12) > (AB + ak+1bk+1)2. —(t1)
j=1 j=1

2
k k k
By P(k), we have A2B2 = Zaﬁ Zbﬁ > Zajbj =C2.
j=1 j=1 j=1
Since A, B, C' are non-negative real numbers, we have AB > C.

k+1
Then AB + agy1br+1 > C + appr1bpyr = Z a;b; > 0.

j=1

k+1
Therefore (AB + ak+1bk+1)2 Z Z ajbj . 7(1’2)
j=1

10



Hence by (f1), (T2),

k+1

we have g a;?

k+1

Zb

(AB + agy1bpyq)’

k+1

= | et

(VI) By the Principle of Mathematical Imductlon7 P(n) is true for any integer n greater than 1.

(c) Solution.

Suppose m is a positive integer.

For each j =1,2,---

Note that a; = bgm_j.

,m,m+1,---,2m —

2m 2m
SOZ(Lj sz Zji — (1)
j=1 j=1

Also,

2m
E ajbj =
j=1

|

Note that a1, as, - --
We have

Jj=m+1

1 1
+

1
1,2m, define a; = -,
J

Zan + Z a;b; —QZ(L]

1
+

sy Qmyy Am41, " "

IA
My
S

[\V)

1-2m

2(2m — 1)

3(2m —2)

, A2m—1, A2m, bla b2a e

1 1 1
T 2m " 2@m—-1) ' 3@m-_2)
(by (1))
(by ()

11

and b; =
+ + !
E2m —k+1)
7bm7 bm+1a T
+ + 1
E2m —k+1)

om—j+1°

+"'+m(m1+1)} ®

,bam—1, bay, are non-negative real numbers.
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