MATH1050BC/1058 Assignment 1 (Answers and selected solution)

1. Solution.
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2. Solution.

1
Let a, 8, be complex numbers. Suppose |a| =3, || = — and lv| = 5.

a3 -8 -~3 il - a3 - RIPVE 1-33.(1/4)-53
a- B2y laf - [BI* - 7] 3-(1/4)%-5
(b) It is further supposed that Re(a) = 2, Im(%) = 14, and Re(iy®) = 100.
i Im(a)2 = /P = (Re(@))? = V37— 2 =
i \/‘ . \/ 4— |m 2)) = /44 - 142 = 2V/15.
B 18] ﬂ
2 l 73

iii. Note that

W “hP 25
Also note that iy® = Re(i7®) + ilm(i7®). Then v = Im(i7®) — iRe(iv?). (The real and imaginary parts of iv3
are Im(iv3), —Re(iy?) respectively.)

. A A 1
Th | —1R —| —R
erefore o = o 25( m(iy3) — iRe(iv3)) = 5% m(iv®) + i - 5% e(iv®).
=2 =3
1
Hence |m(77):| (%5) %Re(w) 55 100 =4.

3. Solution.



(a) Suppose (,n are complex numbers. Then we say that ¢ is a square root of 7 if n = (2.

(b) Let r be a positive real number, and 6 be a real number. Suppose ¢ = r(cos(#) + isin(6)).

There are two square roots for the number (.

They are: /r(cos(0/2) + isin(6/2)), —v/r(cos(0/2) + isin(0/2)).
Alternative answer. The two square roots for ¢ are: /r(cos(8/2) + isin(6/2)), v/r(cos(6/2 + ) + isin(6/2 + «)).

(c) Let a be a non-zero complex number. Suppose a® /@ = 4. Also suppose that « is neither real nor purely imaginary.

5
i. Note that 4 = [4] = |a°/@®| = |a|®/|a]® = :a:?’ = |al?
«
Then |a| = 2.
s a8 ol
ii. We have 4 = o®/a® = — = —. Then o8 = 256.
v / laf6 ~ 64°
Therefore o* = 16 or a* = —16.
Hence o? =4 or a?2 = —4 or o? = 4i or a? = —4i.
Since « is neither real nor purely imaginary, the possibilities ‘a? = 47, ‘a? = —2’ are rejected.
Therefore o = 4i or a? = —4i.

o (Case 1.) Suppose a® = 4i.
Note that 4i = 4(cos(mw/2) + isin(7/2)).
Then a = 2(cos(n/4) + isin(n/4)) or o = —2(cos(n/4) + isin(w/4)).
o (Case 2.) Suppose a? = —4i.
Note that —4i = 4(cos(37/2) + isin(37/2)).
Then a = 2(cos(37/4) + isin(37/4)) or o = —2(cos(37/4) + isin(37/4)).
Hencea:\/ﬁ—l—\/iiora:\f—\/iiora:—\/ﬁ—kﬁiora:—\f—\/iz’.

4. Answer.

(a) 2,4+ 2i.
(b) i 5.
i 5—i.

(¢) i 242 44
ii. v2
iii. =141
5. Answer.
(a) Suppose (,n are complex numbers. Suppose n is a positive integer. Then we say ¢ is an n-th root of n if ("™ = 7.

(b) i. There are exactly five quintic roots of 32i. They are:—
o 2(cos( 2) + zsm(g))

+1 sm(?0 ),
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6. Solution.

(a) Suppose ( is a complex number, and n is a positive integer. Then ( is said to be an n-th root of unity if (" =1

s i

(b) Letn—sm(30> —|—zcos<30)
i. sin n + i cos [ = cos E—E + i sin E—E = cos 4—7T + sin 41
TR 30 30 230 230 15 15 )



4
... h 5 —
ii. We have n (cos<15)+zcos<l )
10 47 8w 8T
We have n*° = | cos + % cos R = cos + isin 5 # 1. Hence 7 is not a 10-th root of

unity.
A 15
We have n!® = <cos (15> + i cos ( )) = cos(4m) +isin(4m) = 1. Hence 7 is a 15-th root of unity.

47

We have 3 =
€ nave n (COS(15

) + i cos (15)> = cos(87) + isin(87) = 1. Hence 7 is a 30-th root of unity.

iii. The 8-th root of n with smallest positive argument is cos (30) + ¢sin (3())

™
The 8-th roots of  with argument strictly between -3 and g are—

cos 13 + 7sin —B—W ( )+ZSIH(7T)COS N—W + 7sin N—W
60 60 30 30 60 60 /-

. Solution.
Let 6 be a real number. Write w = cos(f) + isin(9).

(a) Suppose m is a positive integer.

Note that:—

o ww=1. E— (ﬁl)

o w+w=2Re(w) =2cos(f). — (f2)

o w4 @ = 2Re(w") for each positive integer £. —— (f3)
Also note that ( 2]7;” ) = ( 272”1 k ) for each integer k between 0 and m. —— (h)
We have

227 cos®™(0) = (2cos(6))*" = (w+@)>™  (by (#2))
= My ( 2m )me*2w+ ( 2m )me*2@2+~~+ ( 2,2” )me*’“w’wm
Jombant (30 Yo (20 Y-t
+( 27721@ 3 )w’“wz’”*’“ +~-+( 52, )waQ’”*Q +( 52 )wam 1 4 %% (by Binomial Theorem)
= (W™ 3™ +( 2m )(oﬂm ) +( 2m )(w2’"—4+w2m—4) T
+( 2};‘ )(me‘2k+w%‘2’“)+---+( e )(w2+w2)+( 2m ) (by (#1), (8))
= 2Re(w?™) + (2 ) 2Re(@ ™ 2) 4+ (H ) 2Re(wPm ) o (27 ) 2Re(w?) + (270) (by (1))

(b) By De Moivre’s Theorem, for each positive integer n, w™ = cos(nf) + isin(nfd). Then Re(w™) = cos(nb).
By the result in the previous part,
219 cos'?(9)
= 2Re(@)+ () 2Re(w)+ (5 ) 2Re(w®) + (Y ) 2Re(wh) + () 2Rewr)+ ()
2cos(106) + 10 - 2 cos(80) + 45 - 2 cos(66) + 120 - 2 cos(460) + 210 - 2 cos(26) + 252

Hence
63

cos'?(h) = 5% cos(100) + % cos(86) + 54% cos(66) + é—i cos(40) + % cos(20) + 256
. Solution.
(a) Suppose (,n are complex numbers. Write a = Re((),b = Im(¢), ¢ = Re(n),d = Im(n).

Note that ¢n = (a + bi)(c + di) = (ac — bd) + (ad + be)i.

Then ¢n = (ac — bd) + (ad + be)i = (ac — bd) — (ad + be)i by the definition of complex conjugate.

We also have ( = a — bi, 7 = ¢ — di by the definition of complex conjugate.
Then ¢ -7 = (a — bi) - (¢ — di) = [ac + (=b)(—d)] + [a(—d) + (=b)d]i = (ac + bd) — (ad + bc)i.
Hence (n=( -7



(b) Suppose k, A are complex numbers.
Then by (4), we have

A = (k) (kD)

= (kA)(RA) (by (¥))
= (KkR)(AN)
SR
= (Isl-1AD* ——()

By definition of modulus, |kA| is a non-negative real number.
Also by definition of modulus, |k, || are non-negative real numbers. Then || - |A| is a non-negative real number.
Therefore by (1), |[kA| = |&| - ||

(¢) Let 0,7 be complex numbers. Suppose 7 # 0.

By (55), 7 # 0 and || 0.
We have

O = @) v

Since T # 0, we have (E) =0/T.
.
We have

g

2]l = 2| my o

Since |7| # 0, we have ’E’ = @.
T 7

9. (a) Answer.
(D) (z+w)(z2+ W) = 22 + wd + 20 + 2w = | 2|2 + |w|? + 20 + Zw
(ID) |22 + | = w]? + 2(—w) + 2(—w) = |2|* + |w]* — 20 — Zw
(I1D) 2|2|? + 2w|? + 20 + zZw — 20 — zw = 2|z|* + 2|w|?

(b) Answer.

(I) 7, s,t are complex numbers

) 2jr —s]2+2jr —t]2 —|(r—s)— (r—t)2

1) 2|s — t|> +2r — s> — [t — 7|2

IV) 2t —r — s> =2]t —r|> + 2|s — t|*> — |r — s|?

V) 3(|ls =t + [t =72+ |r — s]?)

(¢) Solution.

(
(
(
(

Let ¢, a, 3 be complex numbers. Suppose (? = o2 + 32.
By the Parallelogramic Identity, we have |¢ + a|? + [¢ — a|? = 2|¢|? + 2|a|?.
Then

(IC+al+l¢—a)® = [C+al?+|¢—af’ +2[¢C+all¢ —a
= 2P +2]af® + 2/(¢ + @) (¢ — a)
= 2¢]* + 2[af® + 2|57
= 2/¢)* +2[e® +2(8

Modifying the above argument (by interchanging the roles played by o and ), we have (|¢ + 3| + ¢ — 8])? =
2[¢I* 42|81 + 2]af?.

Therefore (|¢ + |+ [¢ —a|)? = (|¢+ 8] + ¢ — B])%

Note that [ +a|+[¢ —a] > 0and [( + S| + ¢ — 8] > 0. Then | +a|+[{ —af = |[¢+ 3| +[{ — B].



10. (a) Answer.
(I) There exists some non-zero complex number r
by,
(IT) for any n € N, bH =
(b) Answer.
b
(I) there exists some non-zero complex number 7 such that for any n € N, ZH =
by
1 =
m -
b,
11T =
(I1I) o
ba b b b
(IV) 1 li 1. = rm
bo bi by bn—2  bm-—1
(V) bm = b()?”m
(c) Solution.
Let {a,}22, be a geometric progression. Suppose k,£,m € N, and ar, = A, ay = B and a,, = C.
By the result in the previous part, there exists some non-zero complex number r such that for any n € N, a,, = agr™.
In particular, ai = aor”, ap = aort and a,, = agr™
Then
AZ—mBm—kC«k—é _ (ao,,,k)é—m(ao,,j)m—k(aorm)k—é
= gommIH =R+ (k=) k(E=m)+L(m—k)+m (k=)
= a7’ =1
11. (a) Answer.
(I) Suppose a, b, ¢ are in arithmetic progression.
(1) d
(ITI) ¢ =d
(IV) v? —cat+bec=(0b—-a)b+a)+(b—a)c=da+b+c)
(V) [(c? —ab) (b —ca)]=c*—b*—ab+ca=(c—b)(c+b)+ (c—bla=d(a+b+c)
vV

I) (b2 (a® — be) = (¢ — ab) — (b — ca)

(b) Solution.

Let a, b, c be complex numbers.

—ca) —

Suppose a? — be, b?

a+b+c#0.
2 _ b 2 b
By assumption, b — ca = (e ) _g (" —a )
Therefore 2b% — 2ca = a® 4 ¢? — ab — bc.
Hence 0 = (a? — b%) + (¢® — b%) + (ac — ab) + (ac — be) =

Since a + b+ ¢ # 0, we have a + ¢ —2b = 0. Then b =

Therefore a, b, ¢ are in arithmetic progression.

— ca,c® — ab are in arithmetic progression. Further suppose

=(a+c—2b)(a+b+c).
a+b




