MATH 4220 (2017-18) partial diferential equations CUHK

Suggested Solution to Assignment 1(the first edition)

Exercise 1.1
1. Example 1,2,4,7,8 are linear, and Example 3,5,6 are nonlinear. [J

2. By the definition of linearity for operators in 1.1(3), the operators in (a) and (e) are linear, others are not
linear. O

3. (a) order 2 with u,,, linear inhomogeneous; (b) order 2 with u,, linear homogeneous; (c¢) order 3 with uz,,
nonlinear; (d) order 2 with with w, uy,, linear inhomogeneous; (e) order 2 with w,,, linear homogeneous;
(f) order 1 with u, and u,, nonlinear; (g) order 1 with u, and w,, linear homogeneous; (h) order 4 with
Ugrrr, NOnlinear. [

4. Suppose that Zu; = g and Lus = g and let u = u; — ug, then Lu = Luy — Lus = g — g = 0, where
the operator L is linear. [

10. Since the differential equation is linear and homogeneous, its solutions form a vector space. Since a® —

3a® + 4 = (a — 2)%(a + 1), a basis of it is {€2¥, xe?* e~*}. O
11. Let u(x,y) = f(x)g(y), then by direct calculation we have

u(x, y)uzy(z,y) = f(x)g(y) f'(2)g' (y)
= f'(x)g(y) f(x)d (v)
g (2, y)uy(, y)

Hence, utzy = uzuy is verified. [
12. Let up(z,y) = sinnz sinh ny, then for n > 0,
Uy + Uyy = —n? sin(nz) sinh(ny) + n? sin(nx) sinh(ny) = 0.

Thus, ugz + uyy = 0 is verified. [

Exercise 1.2

1. Using the characteristic curve method or the coordinate method, we have u(t,z) = f(3t — 2z). Setting
t = 0 yields the equation f(—2x) = sinz. Letting w = —2x yields f(w) = —sin(w/2). Therefore,
u(t,z) = sin(z — 3t/2). O

2. Let v = uy, then 3v + v, = 0. Thus we have v(z,y) = f(y)e 3%, i.e., uy(z,y) = f(y)e 3*, which implies
u(z,y) = F(y)e 3% + g(x), where both F and g are arbitrary (differentiable) functions. [J

3. The characteristic curves satisfy the ODE: dy/dx = 1/(1 + %), which implies y = arctanz + C. Thus
u(x,y) = f(y — arctanx). We omit the easy figure here. [J

5. (in second edition)When = # 0, the characteristic curves satisfy the ODE: dy/dx = y/x, which implies
y = Ciz and then general u(z,y) = f(y/x); When y # 0, we have that the characteristic curves are
x = Cyy and general solution is u(z,y) = g(z/y). We claim that the general solution on the whole
space has the form u(z,y) = h(arctan(y/z)), where h is an arbitrary (differentiable) function and satisfies
h(=7/2) = h(n/2), ' (—7/2) = h'(7/2). Indeed, let f(z) = h(arctan(x)),g(x) = h(arctan(1l/z)) and
we find f, ¢g are differentiable and thus h(arctan(y/z)) solves the equation. Whats more, since y =
arctan(z) € C(—o0,00), is one to one and onto [—m/2,7/2], so when x # 0, the solution has the form
u(z,y) = h(arctan(y/z)); letting the solution exists on the whole space,h(—m/2) = h(x/2),h (—7/2) =
R (m/2) is easily attained by fixing y and moving x to 0.
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10.

11.

(6. in second edition) The characteristic curves satisfy the ODE: dy/dx = 1/v/1 — 22, which implies
y = arcsinz + C. Thus u(x,y) = f(y — arcsinz). Setting = 0 yields the equation f(y) = y, and then
u(z,y) =y — arcsinz. O

(7. in second edition) (a)The characteristic curves satisfy the ODE: dy/dx = z/y, which implies y? =
22 + C and then u(x,y) = f(y* — 2?). Setting x = 0 yields the equation f(y?) = e=¥". Letting w = y2
yields f(w) = e and u(z,y) = ¢* ¥°. (b)The characteristic curves must go through (0,y), which
implies C = y? — 22 = y? > 0. Thus, the solution is uniquely determined in {(z,y)|y? — 2? > 0}. O

(8. in second edition) Change variables to x = ax + by, y = bx — ay. By the chain rule,
Ugp = AUy + bUyr, Uy = buy — auyy

. We have (a% + b?)ug 4 cu = 0 which implies u(z,y) = f(y)e /(@) and then u(z,y) = f(bx —
ay)e~claztby)/(@*+0%) “where f is a arbitrary (differentiable) function. O

(10. in second edition)Note that u(z,y) = e®72¥/4 is a special solution of the inhomogeneous equation,
and by the result of Exercise 1.2.7 above, the general solution of the corresponding homogeneous equation
is f(x —y)e~(@T¥/2 Thus the general solution of u, + u, +u = "+ is

u(xay) - f(CL' — y)e—(iv—i-y)/Q + e$+2y/4’

where f is a arbitrary function. Let y = 0, and then we have f(z)e %/2 +e%/* =0, i.e. f(z) = —e3*/2/4.
So the solution is u(z,y) = (T2 — e*=2Y) /4.

. (11. in second edition) By changing variables,a’ = ax+by,y’ = bx—ay. The original equation is equivalent

to the following form
ar’ + by’ bx' — ay
a?+b2 " a2+ b2

Therefore, we have the general solution to the above equation is

1 /”‘J (as’—i—by' bs' — ay’
a?+ b J a?+0v2 " a?+ b2

(a2 + bQ)Ux’ = f(

).

)yds' +g(y'),

u(z’,y') =

where we let g(y') = u(0,y'), and g is a arbitrary function. Returning back to the original parameters,
the integral changes to be the integral along the line

L={(m,n);0<s =am+bn<azx+byy =bm—an=bzx— ay}.

When denoting s the parameter of arc length, we have ds = \/(dm)? 4 (dn)?. Note that along the line
L the condition bm — an = bx — ay is satisfied. Thus, b(dm) — a(dn) = 0, and then ds = 7V“2a+b2dm,
ds' = a(dm) + b(dn) = ‘ﬁfflﬂ. Hence, the solution is

1
u(z,y) = W/Lfd8+g(b$ — ay),

where L is shown above(actually, the line segment is not from the y axis). O

(12. in second edition) the directions of the new coordinate axes =’ and ' are (a,b) and (b, —a) respectively
in the old coordinate. And (a,b) - (b, —a) = 0 implies that the the new coordinate axes are orthogonal.

(13. in second edition) Using Coordinate Method, we change variables 2/ = x + 2y,y’ = 2z — y, then the
original equation is changed into
Sug +y'u =12y
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Note that u(z’,y') = 2’ — 5 is a special solution and u(z’,y') = f(y')e”*'¥'/%) is the general solution of
the corresponding homogeneous equation. Hence the general solution of original equation is

_ (=+2y)(2z—y)
5

u(z,y) = f(2x —y)e +x+ 2y —

20—y

where f is an arbitrary (differentiable) function. O

Exercise 1.3

1.

According to Example 2, we only need to add the resistance in the transverse equation. Under the
assumption that the resistance is proportional to the velocity, the transverse equation becomes
Tu,

1 1 xr1
—| + / —kudx = / pugdx
A/ 1 —+ U/% 0 xo o

where k > 0 is a coefficient depending on the property of the medium (e.g. the density of the medium).
Note that the direction of resistance should be opposite to the velocity, thus we have the negative sign
before k. The equation, differentiated, says that

(Tuz)e — kug = pug

That is,
Ut — CQUgcx + rug = 0

where ¢ = /T /p,r =k/p > 0.

. By the assumption in the question, T' = — flx pgdx = pg(l — x). Then, similar to Example 2 given in the

text, we can obtain the PDE satisfied by the chain,

(I = z)pgug)z = puss.

. The heat energy contained in the part between zy and z; of the thin rod at time ¢ is Q(t) = fjol cpuAdz

where A is the area of of the cross section. The heat energy flowing across the two ends per unit
time is k:uwA]ﬁ; and that flowing out the lateral sides per unit time (by Newton’s law of cooling) is
f;ol wP(u — Ty)dx where P is the perimeter of the cross section and p is the conductance across the
contact surface. Hence,

dQ(t) RO b
= kugz Al — /wo uP(u — Tp)dz,
which implies

Acpuy = A(kug)y — pP(u — Tp)

. Let u(z,t) be the concentration (mass per unit length) of the dye at position x of the pipe at time ¢. The

mass of dye is M (t) = [7

Zo

u(y, t)dy, so %—J‘f = f;o ut(y, t)dy. Then by the Fick’s law,

oM

e flow in — flow out = V(u(zg,t) — u(x,t)) + kuy(x,t) — kug(zo, t).

Differentiating with respect to =, we get uy = kg, — V. O

. Since the heat flow depends only on t and on the distance r = \/22 + 2 to the axis of the cylinder,

u(z,y, z,t) = u(v/x? + y2,t) = u(r,t).
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Then by the chain rule,

Uy = Uy /T, Uy = upy/r, u, =0,

Uge = Upp? /1% 4+ up (r? — 22) /73, Uyy = wrry? 1%+ up (r? — y?) 13, Uy, = 0.

Therefore, u; = k(ugpy + Uyy + uzz) = k(upr +up/r). O

7. Since the heat flow depends only on t and on the distance r = \/x2 + y2 + 22 to the cylinder,

w(z,y, 2z, t) = u(v/x? + y2 + 22,t) = u(r,t).

Then by the chain rule,

Uy = Ugpx/T, Uy = Upy/r, Uy = upz/T,
B Upr? U (r? — 2?) B Urry? up(r? —y?) B Upr2? up(r? — 2%)
u:cx - 7"2 + 7”3 9 Uyy - 7"2 + 7"3 9 Uzz - 7"2 + 7"3 .

Therefore, u; = k(ugs + uyy + uzz) = k(tpr + 2w, /r). O

Exercise 1.4

1.

2.

Setting u(z,t) = f(t) + 2% yields the equations f’(t) = 2 and f(0) = 0. Hence, f(t) = 2t and u(z,t) =
2t 4+ 22 is a solution of the diffusion equation. O

(a) No heat flows across the boundary, by the Fouriers law, we have du/dx = 0;

(b) No gas flows across the boundary, by the Ficks law, we have du/0z = 0;

(c) No heat or gas flows across the boundary, by the Fouriers or Ficks law, we have du/dn = 0. O

. After long time, if this homogeneous body reaches a steady state, then d,u = 0, therefore, u,, = 0. Since

[p fdx
Jpdx-

(in second edition) (a)the steady-state temperature u(z) satisfies uy, = —f(x) for 0 < x < [ and u(0) =
u(l) = 0. Hence, by integrating, u, = C for 0 < z <l/2and = C—H(z—1/2) for /2 < x < I, where C'is a
constant to be determined later. By integrating and using u(0) = 0, we obtain u(z) = Cz for 0 < x < /2
and = Cx — H(x —1/2)?/2 for 1/2 < 2 < I. Using u(l) = 0, we get C = HI/8. Thus, u(z) = Hlz/8
for 0 < 2 < 1/2 and = Hlz/8 — H(z —1/2)?/2 for /2 < x < I. (b)u, > 0 if and only if 0 < z < 51/8,
uy, < 0 if and only if 51/8 < & < [. That is, the hottest point is = 5//8 and the temperature there is
u(51/8) = 9HI?/128.

it is insulated, therefore, we have u = constant. So the steady -state temperature is

(5. in second edition)

ku,+Vu=0onz=a

Exercise 1.5

1.

2.

The general solution of the ODE: % +u =01is u(z) = Cicosx+ Cysinz. Hence, to satisfy the boundary
conditions,

C; =0 and Cjcos(L)+ Cysin(L) = 0.

Therefore, C; = 0 and Cssin(L) = 0. So the solution u = 0 if and only if L is not an integer multiple of
m. U

a e solution is not unique. Indeed, if there exists a solution ug, then ug+C(e™* —2) is also a solution
The solution is not uni Indeed, if th ist luti th Cle7*—2)isal luti
of equation for any constant C'.
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3.

4.

(b) The solution does not necessarily exist, since the condition that f(x) must satisfy for the existence
is: l l
/ f(z)dr = / [w"(z) + v/ ()] do = [/ (D) + u(D)] - [v'(0) + u(0)] =0. O
0 0
The general solution of u”(z) = 0 is u(z) = ax + b, where a and b are constants. Hence, when we do the
+ case, a and b have to satisfy a + kb = 0 and a + k(a + b) = 0, and then solution(s) of the boundary
problem would be

0 ifk#0
u(z) = . ;
b ifk=0
when we do the — case, the solution(s) of the boundary problem would be
0 if k#0,2
u(x) =< b iftk=0

—2bx+0b ifk=2
If k = 2, the boundary problem is unique for the 4+ case, but not for the — case. [J

(a) Adding a constant C' to a solution will give another solution, so we do not have uniqueness if there
is a solution;

(b) Integrating f(z,y,z) on D and using the divergence theorem, we obtain

/// f(z,y, z)dxdydz = // Audzdydz = // V - Vudzdydz = // Vu-ndS =0
D D D oD

(c¢) For heat flow or diffusion, u is a physical quantity in terms of time ¢. The equation here can only
describe the derivatives of u with respect to (z,y,2). So (a) shows that w up to a constant has the
same derivatives with respect to (z,y, 2).

Since for heat flow and diffusion u; = kAu = kf(z,y,2), (b) shows that to satisfy the boundary
condition(insulated solid or impermeable container), the change of the whole heat energy or the whole

substance with respect to time, which is proportion to [[[ g?d:z:dydz =k [[[ f(z,y, z)dzdydz, has
D D
to be 0. OJ

(a) The characteristic curves satisfy the ODE:

dy
dr Y

By separation of the variables and integration, we see that the ODE has the solutions
y = Ce”.

—x

Any solution u(x,y) stays constant along the characteristic curves. It follows that u(z,y) = f(e™*y)

is the general solution of this PDE. Applying the boundary condition u(x,0) = z, we get

u(z,0) = f(0) = x.

But f(0) is a constant, and so the equality can not hold for all z. There is no solution to this
boundary value problem.
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(b) Applying the boundary condition u(z,0) = 0, we would have
u(,0) = £(0) = 0.

Since there are infinitely many smooth function f(z) with f(0) = 0, (for examples, f(z) = 1 + cz,
where c is an arbitrary real number), setting u(x,y) = f(e"*y) we have infinitely many solutions to
the BVP. O

6. Check Example 3 in Section 1.2 of the text book. [

Exercise 1.6

1. Indeed, we check the sign of the “discriminant” & = a%Q — a11a99.

(a) 2 =[(-1-3)/2]2-1-1=13>0, so it is hyperbolic.
(b) 2 =16/2]>—9-1=0, so it is parabolic. [

2. Indeed, its discriminant is
7 = (xy)? = (L+2)(=y*) = (@ + o+ Dy? = [(& +1/2)* + 3/4]y°,

So it is hyperbolic in {y # 0}, parabolic on {y = 0}, and elliptic nowhere. We omit the easy figure here.
([l

3. In the equations of the form (1), suppose A = (a;;), n = (a;) and b = ag. Denote B = (b;;) as the matrix
of the rotation. Therefore, the new variables (£,7) satisfy (¢,17)7 = B(x,y)?, and the new coefficients
satisfy A’ = BABT, n’ = nB” and V¥ = b. So the rotationally invariant equations have to satisfy

A=BABT, n'=nB" V normal matrix B.

Thus, A is a unit matrix multiple of a constant a, and n = 0. So all rotationally invariant equations of
the form (1) have the form a(ugy + uyy) +bu = 0. O

4. Tt is parabolic since its discriminant 2 = (—4/2)?—1-4 = 0. By direct subtitution, if u(z+y) = f(y+2z)+
zg(y+2x), then uz, = 4f" (y+2x) +4xg" (y+22)+4¢' (y+22), uzy = 2" (y+2x)+22¢" (y+22)+ ¢ (y+2x)
and uyy = f”(y + 2x) + x¢g” (y + 2x), and then the equation is satisfied. O

5. Let u = ve(®@+PY) then
Uy = (v + ow)el T uy = (v, + Bv)ele=tAY)
Uzy = (Vg + 20, + &20)el @AY Uyy = (Vyy + 260, + B2v)elorty)
Hence, by direct substituting,
(Ve + 2005 + &®v) + 3(vyy + 2Bvy + B2v) — 2(vy + av) + 24(vy, + Bv) + 5v =0,

Vgz + 3vyy + (200 — 2)v, + (68 + 24)v, + (a? 4+ 38% — 20+ 248 + 5)v = 0.
Let o« = 1 and 8 = —4, the equation turns out to be vgg +3vy, —44v = 0. By setting 2/ = z and 3y = V3y,
the equation turns out to be vy + vy — 440 = 0. [
6. (a) It is hyperbolic since its discriminant 2 = (1/2)? > 0;

(b) Set v = uy, we have 3v+v, = 0 which implies v(z,y) = f(y)e3* and thus u(z,y) = F(y)e 3% +g(x),
where F g are arbitrary (differential) functions.
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(c) Setting y = 0 yields

e 3% = u(x,0) = F(0)e™3* + g(x)
0 = uy(z,0) = F'(0)e 3.
Therefore,
u(z,y) = (F(y) + 1 - F(0))e >,

where F(y) satisfy F’(0) = 0. By setting F(y) = ny?>,n = 1,2,---, we obtain infinitely many
solutions u(x,y) = (ny? + 1)e~3% of the problem. O



