
Week 7

MATH 2040

November 4, 2020

1 Problems

1. β = {(1, 1), (1,−1)}, β′ = {(1, 0), (1, 1)} are basis for F2, find the change of coordinate matrix
that change β′ coordinates into β coordinates.

Ans: [I]ββ′ = [I]βstd[I]stdβ′ =

(
1 1
1 −1

)−1(
1 1
0 1

)
=

(
1
2 1
1
2 0

)
, where std means the standard

basis.
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2. Let T : F2 → F2, T (a, b) = (2a+ b, a− 3b), β = {(1, 1), (1, 2)} is a basis of F2, find [T ]β

Ans: [T ]β = [I]βstd[T ]std[I]stdβ =

(
1 1
1 2

)−1(
2 1
1 −3

)(
1 1
1 2

)
=

(
8 13
−5 −9

)
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3. For A ∈ Mn×n(F), the eigenpolynomial of A is fA(t) = det(A − tIn). Consider linear
transformation T : V → V and β is a basis of V , then the eigenpolynomial of T is fT (t) =
f[T ]β (t). Find the eigenvalues of T (a, b) = (a+ 2b, 4a− b)

Ans: We know that over standard basis of F2, [T ]std =

(
1 2
4 −1

)
, then the eigenpolynomial

of T is

fT (t) = f[T ]std(t) = det([T ]std − tI) =

∣∣∣∣1− t 2
4 −1− t

∣∣∣∣ = (1− t)(−1− t)− 8 = t2 − 9.

So the eigen values of T is ±3.
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4. Let A,B ∈ Mn×n(R). We say A,B are similar over R if A = Q−1BQ for some invertible
Q ∈Mn×n(R) and A,B are similar over C if A = Q−1BQ for some invertible Q ∈Mn×n(C).
Prove that A,B are similar over R equals to A,B are similar over C.

Ans:

⇒: Obvious

⇐: Suppose A and B are similar over C, there exists some invertible Q ∈Mn(C) such that
A = Q−1BQ, so QA = BQ. Now we rewrite Q = Q1 + iQ2, where Q1, Q2 ∈ Mn(R),
then QA = BQ gives that Q1A+ iQ2A = BQ1 + iBQ2, then we have Q1A = BQ1 and
Q2A = BQ2. Let f(t) = det(Q1 + tQ2), and such f is a degree n polynomial. Since
f(i) = det(Q1 + iQ2) = detQ 6= 0, we know that f 6= 0, which means it has at most n
roots. Then we can find some t ∈ R such that f(t) = det(Q1 + tQ2) 6= 0. Remark that
Q̂ = Q1 + tQ2, then Q̂ ∈Mn(R) is invertible and

Q̂A = Q1A+ tQ2A = BQ1 + tBQ2 = BQ̂⇔ A = Q̂−1BQ̂,

so A and B are similar over R.

4



5. Let A ∈Mn×n(F), λ1, λ2, · · · , λk are distinct elements of F, p(t) = (t−λ1)(t−λ2) · · · (t−λk) ∈
Pk(F). Suppose p(A) = 0, where f(M) =

∑k
i=0 aiM

i for some f(t) =
∑k
i=0 ait

i ∈ Pk(F) and
M ∈Mn×n(F).

(a) Show that for all i there exists a polynomial fi ∈ Pk−1(F) such that

fi(λj) =

{
1, if i = j

0, if i 6= j
.

(b) Show that

i. Afi(A) = λifi(A)

ii. f1(A) + f2(A) + · · ·+ fk(A) = In

iii. fi(A)2 = fi(A)

iv. fi(A)fj(A) = 0 for i 6= j

(c) Show that every v ∈ Fn can be written uniquely as v = v1 + v2 + · · · + vk with vi ∈
Eλi = {v ∈ Fn|Av = λiv}.

Ans:

(a) Define the linear transformation Φ : Pk−1(F) → Fk, Φ(f) = (f(λ1, λ2, · · · , f(λk))), for
all f ∈ N(Φ), Φ(f) = 0 means f(λi) = 0 for all i = 1, 2, · · · , k, so f has at least
k roots. However, f is degree k − 1, which means f = 0 and N(Φ) = {0}. Then
rankΦ = k − 0 = k = dimFk, so Φ is surjective.

(b) i. Let gi(t) = tfi(t)− λifi(t), then we have

gi(λj) =

{
λifi(λi)− λifi(λi) = 0, i = j

λjfi(λj)− λifi(λj) = λj · 0− λi · 0 = 0, i 6= j

so λ1, λ2, · · · , λk are all roots of gi. and gi(t) = p(t)hi(t) for some hi(t). Therefore,
gi(A) = p(A)hi(A) = 0 = Afi(A)− λifi(A).

ii. Similarly, let f̂(t) = f1(t) + f2(t) + · · ·+ fk(t)− 1, it’s easy to check that f̂(λi) = 0

for all i = 1, 2, · · · , k, so f̂(t) = p(t)ĥ(t) for some ĥ(t). Therefore, f̂(A) = 0 =
f1(A) + f2(A) + · · ·+ fk(A)− I

iii. Let f ′i(t) = f2i (t) − fi(t), then we have f ′i(λj) =

{
12 − 1 = 0, i = j

0, i 6= j
, so f ′i(t) =

p(t)h′i(t) and f ′i(A) = p(A)h′i(A) = 0 = fi(A)2 − fi(A).

iv. Let f̃ij(t) = fi(t)fj(t), then we have f̃ij(λa) = fi(λa)fj(λa), for all a, at least one

of fi(λa) and fj(λa) is 0, so f̃ij(λa) = 0, f̃ij(t) = p(t)h̃ij(t). Therefore, f̃ij(A) =

p(A)h̃ij(A) = 0 = fi(A)fj(A).

(c) Exitension: from (b), f1(A) + f2(A) + · · ·+ fk(A) = I and Afi(A) = λifi(A), so for all
v ∈ Fk,

v = Iv = f1(A)v + f2(A)v + · · ·+ fk(A)v,

with Afi(A)v = λifi(A)v, which means fi(A)v ∈ Eλi .
Uniqueness: suppose v = v1 + v2 + · · ·+ vk, for any i 6= j,

λifi(A)vj = Afi(A)vj = fi(A)Avj = fi(A)λjvj = λjfi(A)vj .

so (λi − λj)fi(A)vj = 0, which means fi(A)vj = 0. Hence

vi = Ivi = f1(A)vi + · · ·+ fk(A)vi = fi(A)vi.

and
vi = fi(A)vi = fi(A)v1 + · · ·+ fi(A)vk = fi(A)v,

so all of these vi are uniquely.
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