Week 11

MATH 2040
December 2, 2020

1 Problems

1. Let V be an inner product space over C, show that
(a) If &,y € V with (z,v) = (y,v) for all v € V, then x = y.
(b) If {v1,--- ,v,} is an orthogonal basis of V, then z = >, %—1";)@%
(c) (z,y) =, % for orthogonal basis {v; }.

Ans:

(a) Since (z,v) = (y,v), (x — y,v) = 0 holds for all v € V. Let v = x — y then we have
(x —y,z —y) = 0, which means x —y =0 and so = = y.

(b) {v;} is an orthogonal basis, so z = . a;v;. On the other hand,

n
(z,v) = Zaj (vj,vi) = a;{vi, vi),
=1
so a; = &%) and g = S (Z200) 4.
i = o, = 2ui=1 o2 Vi

(c) from (b) we write 2 = S>7 404 and y = 37, %04, then

i=1 T2 i=1 Tu;|?

=1 =1



2. For P»(R) equiped with inner product
2
9= [ s
0

Ans: We know that {1,¢,¢2} is a basis of P,(R) then do gram-schmit process to it to get
standard orthogonal basis {vl, V2, U3}

vy = g since fo vz fdt

find a standard orthogonal basis.

2 2
Then (t,v1) = [o 2tdt = V2 and ||t — (t,v)vi]| = ||t — 1| = (/[ (t —1)2dt = L8, s0
t—(t,v1)v1 _i _
V2 = (oo = 2 ¢ -
Then (t2,vy) fo vz = \—f, (t?,v2) fo Ve t2)dt = % and |[t? — (t?,v1)v) —
2 t2— (2 vy )v — (£, v2)0
(2, va)val = |17 — 2t + Jo e 2+ >2dt f’ R e A

IO (42 9t 4 2).

Therefore, { 5=, 5 VB — 1), L( — 2t + 2)} is a standard orthogonal basis.



3. Show that (A4, B) = tr(AB*) defines an inner product space on My, xn(C).
Ans: We only need to check the definition of inner product
(a) tr(AB*) is linear
(b) tr(AB*) = tr(BA*)
(c) tr(AA*) > 0 when A#0

For (a), we know that (A 4+ C)B* = AB* + CB* so tr((A + C)B*) = tr(AB* + CB*) =
tr(AB*) + tr(CB*), then (A + C,B) = (A, B) + (C, B). And since tr(cAB*) = ctr(AB*)
where ¢ € C so (cA, B) = ¢(A, B). Therefore tr(AB*) is linear.

For (b), tI‘(AB*) = EZ(AB*)” = ij A”Bj*l = Zi,j AijBij; then tI‘(BA*) = Zij BijBij =
D A;;Bij, so we have tr(AB*) = tr(B*A).
For (c), tr(AA*) = >, Aij Ay = D i | Al|2, so tr(AA*) > 0 if and only if A # 0.

Therefore, this is a well-defined inner product.




4. Let T : V — W be linear and T* : W — V be the adjoint of T, show that

(a) R(T*)* = N(T)
(b) R(T™) = N(T)*
(¢) R(T) = N(T*)*
(d) R(T)* = N(T7)

Ans: For (a), suppose v € R(T*)*, by definition we have (v,T * (w)) = 0, Yw € W. Then
(T(v),wy =0 for any W, which means T'(v) = 0 and v € N(T).

Suppose v € N(T'), by definition we have T'(v) = 0. Then (v, T*(w)) = (T'(v),w) = (0,w) =
0, which means v € R(T*)= .

Therefore, (a) is true. Since (V+)+ =V, we have R(T*) = (R(T*)*)*+ = N(T)*, so (b) is
true. Since T** = T, from (a) we have R(T)*+ = R(T**)* = N(T*), which means (d) is true.
And from (b) we have R(T*) = R(T***) = N(T**)* = N(T)*, which means (c) is true.



5. Show that N(T') = N(T*T).
Ans:
=: For v € N(T'), T'(v) = 0, then T*(T'(v)) = T*(0) = 0, which means v € N(T*T).

«: For v € N(T*T), T*T(v) = 0, then [|T(v)||* = (T(v),T(v)) = (T*T(v),v) = {0,v)
which means T'(v) = 0 and v € N(T).



