
Lecture 4:

Recap : Let M be a smooth surface .

• A Riemannian metric g associated to M is defined :

For Vp EM,gp : Tpfy x Tpm → IR defines an inner

product f <J, = gp IT
,

I ) for all J
,

w C- Tpm

inner product
( From Linear Algebra , at each p EM

, gp is associated to

a 2×2 SPD matrix ( Gulp ) grip )

92167 gzzcp ,) and is every

smooth local coordinates ( ×
'

,
Xz )

,

Gp = gig
-

up) dxidx 'd

.

gij 's are smooth )



. Any metric surface

Mis
associated to an isothermal

coordinates .

,
Xatiyd

That's
,

let { ( Ua
,

Za ) Gaea be the conformal atlas form .

Iza )

Then : g = e ( dxjtdya
'

)

• Any metric surface is a Riemann surface .

• Si Is Sz f is conformal iff

t " TWP I is conformal for all taints

Ua → Vps
I = Wpofozj

'



Basic theories  of planar conformal maps

Theorem " ( Riemann mapping ) Suppose D C I is a simply -

connected domain on the complex plane ,
the boundary 3D has

more than one point ,
Zo ED is an arbitrary interior point .

Then
,

there exists a unique conformal mapping 4 =D → A

from D to the unit disk A
,

such that olczo )=o and

¢
'

C to ) 70 ,

Remark : If f : S → ID and g
: S → ID are dish

conformal parameterization of S
,

then : g of
"

is a conformal
Q

S S -

map between unit disk
.

u

f t 49
.
; go f-

'

ez ) = eio(I ) for some a.no
- foRTI )Act

)
ID → ID

,

'
. g = fool



Surface harmonic map : theories and computation

Basic theoretical background

I .
Let f : M → IR

.

The differential of f is defined as =

dfphi ) EH Dff for V-E E Tpm
i

addILHA) where a¥↳8t=T
Under the coordinate chart C X

'

,x
' ) around p ,

2

dfp := I 2¥. oh dxi ( dxitlcv'

,v ) ) -

-

Vi )

it
( dxkcvl.ir " ) = V2 )

z .

(planar harmonic function ) Let I EIR
'

and let u
-

. r - SIR
.

U is said to be a
harmonic function if  .

. Are -_ o



Harmonic map and energy minimization

Consider : Ecu , Iff
,

Lou
,

fu > dxdif

Suppose u minimizes Ecu )
,

then ?

O=ddz/⇐El Ut

Eh
) = adele

,
Jason t Eth ,

out Eoh > dxdy

= 2) n
Lou ,

Oh > dxdy

Fixing the boundary ,
we have h=o on Jr .

Integration by part gives i 0=2 ) ,

h au dxdy for Uh

hlgrio

i . {
Auto

alar = g ( Boundary condition )



Remark :  e A harmonic function minimizes the harmonic

energy Ecu ) = factor ,
ou > dxdy

• A map f . .rs/R' → r
'

EIR
'

is said to be harmonic if

f :
feet iv

,

AU Eo and AVE o
.

• A map f = S → r EIR
'

( where S is a Riemann surface )
( conformal )

is a harmonic map if with respect to a coordinate chart of
,

fool is a
harmonic map .



How about harmonic energy between Riemann surfaces ?

Consider f :(M ,
g) → L Nih ) where g and h are Riemannian metric

on M and N respectively .

Under the isothermal coordinates ( Ua
,

Za ) and ( Vp , Wp )
,

-1

f is harmonic  iff Wp of o Z ,
is harmonic

iff Wptofoza minimizes harmonic On ¥ ON
energy . Tz ,

wptofo-22 Twp
→

①
EIRECl ① EG

Definition : The homeomorphism f :M→N is a harmonic map

if f minimizes the harmonic energy .



Computation of discrete harmonic map

Let M be a triangulated surface .

A piecewise linear function

or map
is a function / map on M such that  it  is linear

on each triangular face .

Theorem
: Given a piecewise linear function f : M → IR

,
then

the harmonic energy of f is given by :

Ecf ) = I -2 wijlfcvi ) - fcuj ) )
'

where

Uh
Evi ,vjJEM -

Wij  
= cot Oijh t cot Oji

Qj

Vi

l Vj
( Cotangent formula ) Oji

Ve



Definition : ( Bary
- centric coordinates )

Given a Euclidean triangle with vi. Vj , Uh
,

the bary . centric

coordinates of a planar point p EIR
'

with respect to the

triangle are C Xi
, Xj ,

Ah )
, p = Xi Vi  t Aj Nj t 7kWh

,

where
y ;

 
=

( Uj - p ) x ( Uk -

Vj
) - T

( Vj - Vi ) x ( Vk - Vi ) . I

Xj ,
th are defined similarly .

Remark :
 . Xi + Xj  + 1h =L ( Check )

. If p is the interior point of the triangle ,

then all components of the bary - centric

coordinates are positive .



EVE
Lemma : Suppose f .

.
D → IR is a linear function ,

Fcp ) = Xifcvi ) t Xjfcvj ) t Xkfcvk ) ,

then the gradient of f is ? ( A  = area of A )

Jfcp ) = IA C Sifcvi ) t Sj fcuj ) t Sh fever ) .

Thus
, the harmonic energy on a triangle A is given by :

Jas of ,
of > DA  = Cotai Ifj - fee ) 't Cots c fee . fi ,

'

+ cotzok ( fi - fj )
' '



Proof : Note that :

Si  + Sj  t Sh = n x { C Vh - Vj ) t C Vi - Uh ) -1 I Vj - Vil } = J

c

'

. Lsi
,

s ; > =
s Si

,

- Sj - Sk > = - ( Si
, Sj > - Csi

,
Si , >

.

Pick a point p = Xi Vi  t Aj Vj  t Xkvk
.

The bary - centric

coordinates are given by :

Xi  = IAH- Vjxfp- Uj) ,
T ) = ztasnxcvk - Vj I

, p
- uj >

Wh - vjllp - rjlsino
Wh - y

- I Ip - vjl cos Ko-OH

' : Xi  = Ia s p - Vj ,
Si >

, Aj  = Ia s P - Ver
, Sj >

in
an -

- Iacp - Vi ish >

.

where A is the triangle area
.

u ; ← vj



I fcp ) = A ,

- fi  t Xjfj  t A Kfk

= IA C P - Vj ,
fi si > + IA L p

- Vh ,
f

,
- Sj > t Iacp - Vi

,
flesh>

= Lp , IA ( fi Sit fjsjtfksk ) ) - Iakvj ,
fi si ) tcvk

, fjsj >

+ Lui
, fksk 7)

Hence , of  = If Cf ; Sit fjsj t f Ksk )

.

'

- Ja L Tf ,
Of > DA  = ¥ L fi Si  t fj Sj  + flesh

,

fi Si  tfjsjtfksk )

Using the fact that < si
,

si > =
- < si

, Sj  t Sh > etc
,(

we can obtain : )

= - FA ( s si , Sj > I fi - fj I 't L Sj ,
Sk > Lfj - fait ask

,
Si > Hk - fit )



'

.

'

csizs = - at on ,

'Sissy = -
cot Oi

,

'

Shafi = - eotoj

c- . Jas tf ,
Of > DA  = Gti c fj - fed 't CHI Cfa - fi ) 't cotzklfifj)

'

Remark: • Let f. M → E-
"Tie a discrete map between triangular

meshes . Then ,
each triangle Ac M can be flatten in IR

'

.

The harmonic energy or each triangle = harmonic energy from

flatten triangle to r
.

• Adding the harmonic energies on all faces together ,

and merge items associated with the same edge ,
they

each edge contributes tzwij ( fj - fi )
'

where

Wij
 

= cot Oijht cot Oji



Definition : ( Laplace operator ) The discrete Laplacian Apl on a

piecewise linear function f is

A phf wit = I wij ( fcvj ) - fail )
[ vi. VJIEM

Hence
,

if f minimizes the discrete harmonic energy ,
then :

APL f  I 0

Remark : he motivation of this definition is by taking

the derivative of the discrete harmonic energy :

Elf ) =L-2 wij ( fcvj ) - few is )
"

[ Vi ,vjIEM

Recall : The Euler-Lagrange eft  of Jmltff
'

isgiven by

Af = o
.






