
Fast algorithm for genus
- O spherical conformal parameterization

Idea : Let S be a Riemann surface
.

I conformal parameterization

⇒ ol :S → 82
.

Let p es
.

We can assume Pup ) = north pole .

Let  

t be the stenographic projection ,

Let A be a small
"

curved " triangle around P 7

Tif
CA ) = I = big triangle in E

.

The angles at the 3 vertices of A isapproximately
preserved under OT

.

→
. →



Method : 2n the discrete case , let M -

- C V
,

E
,

F )
.

Take

T = [ Vo
,

Ui
,

Vz ] EF and let p E T be the centroid of T
.

We can find a harmonic map
with boundary condition

that Icu . , = Wo
,

Icu , )=w ,
and oTcvd=w ,

7

[ Wo , vi. We ) has the Same angle structure as [ Uo
,

Ui
,

Vz ]
.

Mathematically ,
we need to solve :

-

2 wijlfcuj ) - fcvi ) ) =o for fit ,2 , . . ,N

[ Vis Vj ) EE

and fix f cook Wo ,
fcv , )=w , and two ) =Wz

.

( Linear system
,

much faster than iterative scheme )



Remark : Numerical error ( conformably distortion ) near the

north pole is big ,

We 'll use quasi conformal theories to fix it .

I . Let y : s → 52 with big distortion at ngor,et?

Re parameterize 4 by quasi -
conformal map g t

go 4 can
fix the conformal ity distortion



Brain landmark matching optimized harmonic parameterization

Goal : Given a brain cortical surface S
.

Let Epik ,
be

landmark points defined on S
.

Want to find .

' f :S → $2

Such that f is as conformal / harmonic as possible and

flpi I = fi ( i = 1,2 , . . ,
m ) for some fixed locations Gies ?

Suppose S , and Sz be two brain surfaces w/ landmarks

{ Piti?,
and { pi

' Jian respectively .

Let f .

 . S ,
→ S

'

and f
'

is .IS
'

F fl pi ) = Gi  
= f' C pi

' ) for ie ' ,
2

,  
-

-

.
m

.

Then
,

If = S ,
→ S ,

is a landmark - matching surface

registration of S
, and Sz ( Atlas - based surface registration)



Method 'd : Find f z I wig . ( fcvj ) - fail ) Vi -

- 1,2 , . . ,n

[ vi. VJIEE

and f C pi ) = fi i -4,2 ,  -
-

,
m

( if pi 's are vertices )
Drawback : Bijectivity is difficult to control .

Method 2 : Find f that minimizes :

Eland naff) = I eat
Ifwit - fusil

-

t X Cph ,
-8h12

X = adjusting parameter ( Big if we want more accurate

landmark matching )

Soft constraint can better control bijectivity .



Using same idea
,

we me descent method to minimize Eiandmarh

~

d÷= - OF
,

where

( DfT.tw?Ze.wijCfcujy-fcvis)t2AfI,Cfcpe7- 8h )

Normalize (DF) to its tangential component to get

DF -

- (FF ) -

LEF
,

I > is

Iteratively adjust I to minimize E Landmark
.



Remark : Both methods do not have bijeetivity guarantee .

Use quasi conformal theories to fix it
.



Quasi conformal map between Riemann surfaces

Basic idea : Given two Riemann surfaces S , and Sz
.

Under the conformal coordinate charts
,

f .

- S , → Sz is

"

quasi - conformal
" iff f is

"

quasi - conformal
"

as a

map from E → E under the conformal charts ( follows

from the definition . Later )

Suppose S , and Ss are simply - connected open Surfaces
.

Global
I conformal 4 .

= ID → S ,
and 0/2 : ID → Sz ( Conformalparameterization

)
Then : f : S ,

→ Ss is quasi conformal iff

ok
'

o fool ,
: ID → ID is quasi - conformal in 213

.

c

'

i Focus our attention on E → G first !



Quasi - conformal map from G to G

Definition : ( Quasi conformal map ) Let  f -

. E → G be a C
'

homeomorphism .
f is called a quasi - conformal map with

respect to a complex - valued function µ : G → G ,
called

the Beltrami coefficient
,

with Hulls s I if =

C * ) ZIZI C z I = µcz )
I where

J -2

¥ = ICI tidy ) and ÷ -

- ICE - iffy )

µ Cz ) measures the local geometric distortion at z
.

C A ) is called the Beltrami 's equation .



Remark : 1
.

When M=o ,
the Beltrami 's equation is reduced

to the Cauchy - Riemann equation .

Let f-  - utiv ( Ye'T
functions)

Theni 3¥ = If ¥ cutin - ifeylutivs )

=L (( Ux

tug
)

ti
( Ux - Uy )) = o

⇒ {
U×= - U2

( Cauchy - Riemann Eft )
Uy =  tux2- In matrix form

,
a conformal I holomorphic complex - value

function f = utiv satisfies :

o t.nl : ;H ::: I



or

f-up-74"OH
"

) .

- # I

Vx
0

-11
Uy

Quasi - conformal map generalizes

(

I At ) by considering-471=14f) ( %) for some a. p and V

- depending on µ .

Represent the metric distortion

3
. Let JAI = Jacobian  of f  = utiv at z

.

µoteThffa+J -

- det Y;) = uxvy - uyvxx

13¥12 - lift'

= cuxtv , Wx - uh
'

-

lux-Uys 't cvxtuys
'

4

= ( Ux Vy - Uy Ux ) = JCZ )

i
. Jezzine I # I ( I - 12¥41 f) = lift 'll - Incest )



Thus
, if LINCHHost and 12¥ I # o ( f  = homeomorphism )

then JCZ ) so everywhere . c ; f is orientation - preserving
everywhere

Existence and Uniqueness Theorem

Theorem :( Measurable Riemann mapping theorem ) Suppose µ
-

- E -36

is Lebesgue measurable and satisfies dullest ,
then there exists

a quasi - conformal homeomorphism 4 from G onto itself
,

which is in the Sobolev space W
" 2

CE ) and satisfies

the Beltrami equation (2¥ = Met )¥z ) in the distribution

sense .

Also , by fixing o
,

I
,

o ,
the associated quasi conformal

homeomorphism 4 is uniquely determined .



Existence and Uniqueness Theorem

Theorem :( Measurable Riemann mapping theorem ) Suppose µ
-

- E -36

is Lebesgue measurable and satisfies Hulks I
,

then there exists

a quasi - conformal homeomorphism 4 from G onto itself
,

which is in the Sobolev space W
" 2

CE ) and satisfies

the Beltrami equation (2¥ = Met )¥z ) in the distribution

sense .

Also , by fixing o
,

I
,

o ,
the associated quasi conformal

homeomorphism 4 is uniquely determined .



Theorem : Suppose µ : ID → E is Lebesgue measurable and

Satisfies Hlullyal .

Then ,
there exists a quasi conformal

homeomorphism of from ID to itself ,
which is in the

Sobolev space w
' i

2

( r ) and satisfies the Beltrami equation

in the distribution sense .
Also

, by fixing 0 and I
, 4

is uniquely determined .

Proof : Follows from previous thin by reflection .

( Based on Beltrami holomorphic flow Later ! )



Composition of quasi conformal maps

Let f : E → G and g
-

-
E → Q be quasi conformal maps .

Then , the Beltrami coefficient  of the composition map got

Mf LH t Tzttyfzcz , ( Mg of )is given by "

µgofH7=
y + Tzlzyfzcz, MI ( Mg of )

"

Theorem : Let f : r , → Dz and g : rz → r , be quasi conformal

maps . Suppose the Beltrami coefficients of f-
'

and g are the

same .
Then the Beltrami coefficient of got is equal to 0

and got is conformal .

Proof : Note that : Mf , of  =
- ( f%fz1 )

'

Mf .

'

.

'

Mf - I = keg ,
we have :



Mf  t Fyfe) ( Mg of ) = Mft ¥Az) I Mft of )
=

Mt  t ¥fz) ( . ¥÷) cut = o

By the composition formula , Mg of  = o and so got is conformal
.

Remark : The above theorem gives a useful way to fix

conformably distortion .

④ ④
ID ③On It Is .

.

!
81M

, p
¥ is

conformal



In depth analysis of Beltrami 's equation
Let f -

- ut iv and M
-

- pt it
. Comparing the real and

imaginary parts of IIe = luffa gives -

.

E'ii. scuttle :
' It ::)

.

'

.

'

HMH as I
, def ( Pf

'

Ip ) = I -

p
'

- I
'

> o for VZ Er
.

iii. t.ie#EIi.illEImHu:i .

Denote c -

- ( E'Im ,) .

we set f-%) =

, ' a Ctu;)
tie :i÷ci. HE.int#EIi::..::.t



Area distortion under quasi - conformal map

To simplify our discussion
, let fi [0,11×10,1] → r EG .

-

( .

-

.
Area of source domain R is I ) R

Now ,
area of r = Jp JCE ) dt

= Jp ( Uxuy - Vx Uy ) DZ
Recall that

µ;) , ( gg) fun;) = (
dux -194

-

pux tray
)

i . Area  of r
=Jpu×ku×tpuy

)* ( puxt My )UY

= Jr Lux 't zpuxuy t 8 Uy
'

Where d
, p and 8 are determined by JU -

- pt IT .



Remark :
 . µ ( or 2

, p ,
8 ) introduces area distortion

Under f

° Computationally ,
once U associated to µ is obtained

,

we can determine the area of the target domain by

A -

- f Lux 't zpuxuy -1845
R

If r = Co
,

IT x Co
, h ]

,
then h= A .

it Once u is computed ,
the geometry of the target

domain can be determined .

.

-

. v can be computed ( Useful observation ! )


