
Lecture 4:

Recap : Let M be a smooth surface .

• A Riemannian metric g associated to M is defined :

For Vp EM,gp : Tpfy x Tpm → IR defines an inner

product f <J, = gp IT
,

I ) for all J
,

w C- Tpm

inner product
( From Linear Algebra , at each p EM

, gp is associated to

a 2×2 SPD matrix ( Gulp ) grip )

92167 gzzcp ,) and is every

smooth local coordinates ( ×
'

,
Xz )

,

Gp = gig
-

up) dxidx 'd

.

gij 's are smooth )



. Any metric surface

Mis
associated to an isothermal

coordinates .

,
Xatiyd

That's
,

let { ( Ua
,

Za ) Gaea be the conformal atlas form .

Iza )

Then : g = e ( dxjtdya
'

)

• Any metric surface is a Riemann surface .

• Si Is Sz f is conformal iff

t " TWP I is conformal for all taints

Ua → Vps
I = Wpofozj

'



Basic theories  of planar conformal maps

Theorem " ( Riemann mapping ) Suppose D C I is a simply -

connected domain on the complex plane ,
the boundary 3D has

more than one point ,
Zo ED is an arbitrary interior point .

Then
,

there exists a unique conformal mapping 4 =D → A

from D to the unit disk A
,

such that olczo )=o and

¢
'

C to ) 70 ,

Remark : If f : S → ID and g
: S → ID are dish

conformal parameterization of S
,

then : g of
"

is a conformal
Q

S S -

map between unit disk
.

u

f t 49
.
; go f-

'

ez ) = eio(I ) for some a.no
- foRTI )Act

)
ID → ID

,

'
. g = fool



Surface harmonic map : theories and computation

Basic theoretical background

I .
Let f : M → IR

.

The differential of f is defined as =

dfphi ) EH Dff for V-E E Tpm
i

adf.f.nl8th where atlatl
Under the coordinate chart C X

'

,x
' ) around p ,

2

dfp := I 2¥. up ) dxi
f- I

[ .

(planar harmonic function ) Let I EIR
'

and let u
-

. r - SIR
.

U is said to be a
harmonic function if  .

. Are -_ o



Harmonic map and energy minimization

Consider : Ecu , Iff
,

Lou
,

fu > dxdif

Suppose u minimizes Ecu )
,

then ?

O=ddz/⇐El Ut

Eh
) = adele

,
Jason t Eth ,

out Eoh > dxdy

= 2) n
Lou ,

Oh > dxdy

Fixing the boundary ,
we have h=o on Jr .

Integration by part gives i 0=2 ) ,

h au dxdy for Uh

hlgrio

i . {
Auto

alar = g ( Boundary condition )



Remark :  e A harmonic function minimizes the harmonic

energy Ecu ) = factor ,
ou > dxdy

• A map f . .rs/R' → r
'

EIR
'

is said to be harmonic if

f :
feet iv

,

AU Eo and AVE o
.

• A map f = S → r EIR
'

( where S is a Riemann surface )
( conformal )

is a harmonic map if with respect to a coordinate chart of
,

fool is a
harmonic map .



More concrete definition  of harmonic map between Riemann surfaces

Definition . Let f. M → IR be a smooth function on M
.

The Riemannian gradient Tfp at p EM is defined 7

for Hp EM
,

tve Tpm ,
Ffp is a tangent vector at p

satisfying : ( Ffp ,

is 7g = Dirt
.

In
any

smooth coordinate ( X
'

,
X

'

)
,

Ffp = gimp) 3¥ G) 3×-4
,

where ( Cheek )

( gij ) is the inverse of ( gij )
,



f is a harmonic map
Remark : Let f : S → DEIR

'

.
.

,

if : f minimizes Elf ) = Jg s Ffp, Tfp > g

( Harmonic energy )

How about harmonic energy between Riemann surfaces ?

Let f :(M ,g) → I Nih ) be a homeomorphism .

Define : Ecf ) = IJ
µlldftwgbe the harmonic energy

where i

• Wg is the area measure on M defined by the metric g

.

lldfHIEF.EE
,

hfcp,
( dfplei )

, dfplei ) ) ,

{ e i ) is an orthonormal basis on Tpm



In local coordinate ( x
'

,
x

' ) on M and ( y
'

, y
' ) on N

,

Hdfpllei =

,

gijcphapffcpbfifg.rs where

fidedetgfyifydof) , ffEf£,( ypof)
On ION

t t

( X
'

,
X

'

) ( y
'

, y
' )

and Wg = Ngl d x' DX
'

and Ig I =
determinant of

Cgij )

Definition : The homeomorphism f : M→N is a harmonic map

if f minimizes the harmonic energy .



2

Important fact .
. EIR

Theorem : Suppose a harmonic map 4 : ( S
, g) → r satisfies :

① r is convex ;

② the restriction of 4 : 25 → Jr on the boundary
is homeomorphic

Then : u is diffeomorphic in the interior of S
.

Proof : By regularity theory of harmonic maps ,
we get the

smoothness of the harmonic map .
Assume y : C x , y ) → ( u

,
v )

is not homeomorphic ,
then there is an interior point per ,

the Jacobian matrix of 4 is degenerated at p .

i
.

I a ,
b EIR ( not all Zero ) such that :

a Pulp ) t b0vcp ) =o



By Au = AV =o
,

the auxilary function

f- C g) = aucq ) t bvcq ) is also harmonic -

'

.

' Tf o .

'

. p is a saddle point of f
.

Consider T= { qe Sf fcq ) = fcp ) - e } ( level set  of

f- near p )
T has two connected components , intersecting 25 at

4 points .

But r is a planar convex domain
,

21 and the line

autbv = const have two intersection points
.

By

assumption , 61g ,
is a

homeomorphism .
Contradiction .

i

: 4 is homeomorphic .

→m
 " " const



Theorem : If f is → PRE IR
' and g=s→r are

convex

both harmonic map satisfying floss = Stas =

cghiuen
,

'

Ahem : f  

Eg .



Computation of discrete harmonic map

Let M be a triangulated surface .

A piecewise linear function

or map
is a function / map on M such that  it  is linear

on each triangular face .

Theorem
: Given a piecewise linear function f : M → IR

,
then

the harmonic energy of f is given by :

Ecf ) = I -2 wijlfcvi ) - fcuj ) )
'

where

Uh
Evi ,vjJEM -

Wij  
= cot Oijh t cot Oji

Qj

Vi

l Vj
( Cotangent formula ) Oji

Ve



Definition : ( Laplace operator ) The discrete Laplacian Apl on a

piecewise linear function f is

A phf wit = I wij ( fcvj ) - fail )
[ vi. VJIEM

Hence
,

if f minimizes the discrete harmonic energy ,
then :

APL f  I 0

Remark : he motivation of this definition is by taking

the derivative of the discrete harmonic energy :

Elf ) =L-2 wij ( fcvj ) - few is )
"

[ Vi ,vjIEM

Recall : The Euler-Lagrange eft  of Jmltff
'

isgiven by

Af = o
.




