
Gauss-Bonnet Theorem

Lecture 3:

Recap

Theorem : ( Gauss -
Bonnet ) Let M be a compact closed surface

.

J K DA = 21T XLI
M

Euler characteristic

( integer depending on the topology)



Discrete Gauss-Bonnet Theorem.

Theorem : For

an
oriented discrete triangulated surface M

,

-

÷ Ktvi ) = 2T XLM )

where { Vi ) is the collection of vertices
,

Ktvi ) is the discrete

Gaussian curvature defined as : Ktvi ) = 21T - Zjh O ith Viet 2M
# of faces jk

"
{

IT - Ejhoi Vie 2M
and XCMK IV.It IFI - IEI

# of vertices I of edges



Proof : Let M -

- ( V
,

E
,

F )
,

If M is closed
, then :

¥wkwil=÷v( 2x - Zao !h ) 2h - izevjnoith

= 2h IVI - I IFI

i

.

'

M is closed ,

'

.
31ft = 2 let

.

'

. XCM ) = IVI -1 IFI - let = IVI -1 IFI - IFI

= IVI - IIFI

.

'

. I.fr/4Vil=2TIXlMl .



Assume M has a boundary 2M .

Let Vo =  interior Vertex net

} IVI = I Vol t IV. I

Vi = boundary set

Eo =
interior edge set

Ei = boundary edge set
} I El = IEOI TIE , I

'

.

' All boundary are closed loop I tell = Nil .

Each interior edge is adjacent to two faces and each

boundary edge is adjacent to one face
,

we have :

3.IE/--2lEo/tIEil--2IEoltlVil aint

! XCM ) = IVI t IFI - I El = Not -1141 -11ft - IEOI - tell

'

.

' IEOI = I ( 31ft - 141 )
=

lvoltlFI-IEol.in/LM)--lVol-tzlFItIIVil
,



.
:

÷ ,

Kevin + jerk wit = ( 2K - Zao
ith ) ! T -

ja oily

= 21T I Vol t TL I Vil - IT IF I

= 21T ( I Vol - I IF I + I I Vil )
= 2x X ( M )

A



Basic theories of compact Riemann surface

Definition : C Harmonic function ) Suppose u :D → IR is a real

valued function defined on DE G
. If UECZCD ) and for

any ZED
,

Z  = Xtiy ,
we have :

AUCH = 22¥,
Cz ) t 2z Lt ) =o for Vz

.

Then : U is a harmonic function
.

Definition : ( Holomorphic function ) A function f : Q -36
,

Cx , y ) h C re
,

u ) is holomorphic if .

.

{ 3¥47 = Eye )
for Az ed

2¥ Cz I = - 3¥ CZ )

( Cauchy -
Riemann eqt )



Remark :  o Denote dz  = dxtidy ,

DE = dx - idy

Iz = It Ex - IIT ) , # =I(Z×tiIy )
Then : 0=4 I

Zz 2E
( Check ! )

Also
,

f is holomorphic if IFI =o
.

( Check ! )

• If  

a holomorphic function is bijective and f
- t

is

also holomorphic ,
then f is called biholomorphic or

conformal
.



Definition : ( Riemann surface ) A Riemann

surfaces
is a 2 - dim

manifold M with an atlas { ( Ua
,

za ) } ,
such that { Ua } is an

open covering ,
M C Valla and Ey : Ua → E is a homeomorphism

from Ua to an open set in E
, Zack ) .

Also ,
if Uan Upto ,

then :

Zpo ZI
'

: Zalman Up ) → Zp C Uan Up )

is bi holomorphic I conformal .

{ ( Ua
,

ta ) } is called the conformal atlas of s
.



Remark :
 . Given two conformal atlas { ( Us

,
Za ) } and { (Up ,2pB

,

if their union is also a conformal atlas
,

then we

say { ( Ua
,

za , } is equivalent to { ( Vp , Tp ) }
.

Each equivalence class of conformal atlas is

called a conformal structure .

• Given a smooth manifold M
,

we can equip M with a

Riemannian metric g
-

- Cgij ) ,
which gives the inner product

in the tangent space Tp LM )
,

gij
 = Lai

, 2j7g .

Its inverse matrix is Cgi )
,

satisfies IZ
,

gijgdh = Sik

= {
I i = h

O ith



°

Suppose M has a Riemannian metric g .

Then we require

that on each chart of { Lua
,

Za ) } .

.

g = I" " '
dzadta = I

" ⇐ '

( dxietdya
-

)

Recall : given T -

- v
, Fx fuzzy a

E Tp M

I = W . Fat Wzfyta E Tp M

Then : ( dxa
'

t dya
' ) ( I

,

To ) = Vi wit U -
w '

In this case
,

we say the local parameters associated to

{ ( Uh
,

Za ) } are isothermal coordinates
.



Proposition : Given a metric surface with a differential atlas

{ ( Ua
,

Zal )
.

Lf all local coordinates are
isothermal coordinates ,

then { f Ua
,

zag } is a conformal structure .

Remark :

Any metric surface has an isothermal coordinates
.

Theorem : Any metric surface is a Riemann surface
.



Definition ? ( Conformal

mapping
) Suppose M and NT are two

Riemann surfaces .

A homeomorphism f : M → NT is called a

conformal mapping ,
if V-p.CM , I = fcp , ENT

,
for any

local

parameter chart ( U ,
9 ) and ( T

,
OT )

,
z

= Ocp)
,

E = FEI
,

M Is NT

to to
Too fool

"
n

z → z

under local parameters
I = § of  of

"
is holomorphic in U

.

Remark : Our goal is to compute conformal map from

complicated Surface M ( Brain surface ) to D ( such

as sphere , 213 rectangles , etc )



Remark :
. If I f  : M → TY

,
then M and IT are called

conformal ly equivalent .

• Let f : G → Q be a holomorphic function ,
w -

- feel .

Then : dw = 3¥ de  t IIE DE

and also dwdJ = 18¥12 dzdE
= - -

Ip 't di
metric on original chart

C if w .

- pti -4
metric on

the new

" transformed
"

chart .

,

'

.

"

Transformed metric
"

under
conformal map is the

Same as the original chart up to a scalar

multiplication . 13¥12 is called the conformal factor .


