MMAT 5390: Mathematical Image Processing
Assignment 5

Due: April 24, 2024

Please give reasons in your solutions.

1. fisa N x N image and f is its vectorized image. The constrained least square filtering aims
to
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where matrices H and L are block-circulant, and € > 0 is a fixed parameter.

(a) Let W = Wy ® Wy, where Wa(k,n) = %e’rjk” for 0 < k,n <1 and ® is the Kronecker
product. Given that H = WAxgW ! and L = WA, W ™!, where
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where h;,l; € RT,0 < i < 3.
Let § = S(g), where g is a 2 x 2 image and S is the stacking operator.
i. Show that H is block-circulant
ii. Show that W~1S(h) = 28(h) for any 2 x 2 image h.
(b) As we have shown in the previous homework, the optimal solution f = S(f) that
solves the constrained least square problem satisfies [NHT H + LT L] f = AHT§ for some

parameter A\. Find DFT(f) in term of DFT(g) , hi,1;,0 < i < 3 and A\. You may
assume A > 0. Please show your answer with details.

2. Consider a periodically extended 4 x 4 image I = (I(x,y))o<z,y<3 given by:
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Given that the discrete Laplacian AT of I is given by the formula:

Al(z,y) = —4l(z,y) + I(x + 1,y) + [(z — Ly) + [(z,y + 1) + I(z,y — 1) for 0 < z,y < 3.

We perform the Laplacian masking on I to get a sharpen image Ispqrp. Suppose Isparp is
given by
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Find a, b and ¢. (Hint: You may want to use the formula of Laplacian masking in the spatial
domain: Iperp =1 — Al)



3. Consider a 4 x 4 periodically extended image I = (I(k,!))o<k,1<3 given by:
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where a, b and ¢ are real numbers.

We apply the 3 x 3 mean filter to I to obtain I™€*"*. Suppose I"*"(0,1) = 1, I™¢*"(1,2) =
8/9 and I"™°*"(2,2) = 5/9. Find a,b and c.

4. Consider the following periodically extended 4 x 4 image f = (f(z,y))o<z,y<3:
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(a) Consider the ideal low-pass filter Hyp = (Hpp(2,y))o<szy<3 of radius 2. Explain with
details why Hy p is given by:
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(b) We apply the ideal low-pass filter of radius 2, Hyp to perform unsharp masking on f
to get fonarp. Find foparp. Please show all your steps.

5. Consider an image denoising model for f : [a,b] X [a,b] — R:

b b
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Assuming f(z,y) = g(x,y) = 0 for (x,y) on the boundary of [a,b] x [a,b]. Show that when
f minimizes E(f), the f satisfies:

(@, y) —g(z,y) =2V - (K(z,y)Vf(z,y)) =0 in [a, D] X [a,b]



