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Show that g(z) = sin(1/x) for z € (0,1] and ¢(0) := 0 belongs to R|0, 1].

Solution. Clearly |g(z)| <1 for all z € [0, 1].

Let € > 0. Choose ¢ € (0,1) such that ¢ < ¢/4. On [¢, 1], g(x) = sin(1/z) is continuous, and
hence g € R[e, 1] by Proposition 2.13. By Theorem 2.10, there is a partition P : c = zg < 21 <
- < xp =1 on [c, 1] such that

0<U(g, P sz g, P)Ar; < /2,

where w;(g, P) = sup{|g(z) —g(2')| : x,2' € [x_1,25]}. Now P : 0=z_1 <axp=c<m1 < - <
x, = 1 is a partition on [0, 1] that satisfies

0<U(g,P') - L(g, P") = sz g, P")A;

= sup{lg(z) — g(a’)| : 2,2 € [0, ]} ) + sz g, P)Az;
2(e/4)+¢e/2=¢.
By Theorem 2.10 again, g € R0, 1]. O

Let h : [0,1] — R be Thomae’s function and let sgn be the signum function. Show that the
composite function sgn o h is not Riemann integrable on [0, 1].

Solution. Note that the composite function sgn o h is Dirichlet’s function, which is given by

fa) = {1 if 2 €[0,1]NQ,

0 ifzel0,1\Q

We will show that f ¢ R[0,1]. Let P: 0 =129 < 21 < --- < z,, = 1 be an arbitrary partition on
[0,1]. Since both rational numbers and irrational numbers are dense, for each i = 1,...,n, we
can find r; € Q and ¢; € R\Q such that r;,¢; € (zi—1,2;). Then

wi(f, P) =sup{|f(z) — f(2")] 1z, 2" € [wi_1,z]} > |f(ri) — fl@)|=1 fori=1,...,n,

and so .
(fv sz f: szZZszzl
=1
By Theorem 2.10, f ¢ R0, 1].



