MATH 2068 Mathematical Analysis I
2023-24 Term 2
Suggested Solution to Homework 2

6.2-13 Let I be an interval and let f : I — R be differentiable on I. Show that if f’ is positive on I,
then f is strictly increasing on I.

Solution. Let a,b € I such that a < b. Since f is differentiable on I, f is continuous on [a, ]
and differentiable on (a,b). By Mean Value Theorem, there exists ¢ € (a, b) such that

fb) = fla) = f'(c)(b - a).

By assumption f’ is positive on I, so the above gives f(b) > f(a). As a < b are arbitrary points
in I, we conclude that f is strictly increasing on I.

O
6.2-16 Let f : [0,00) — R be differentiable on (0,00) and assume that f'(x) — b as © — oo.

(a) Show that for any h > 0, we have li_>m (f(x+h)— f(zx)) /h=0.
(b) Show that if f(z) — a as x — oo, then b = 0.
(c) Show that 1i_>m (f(z)/z) =b.

Solution. (a) Let € > 0. Since f'(z) — b as © — oo, there exists ¢ > 0 such that

|f'(z) — b <e/3 whenever z > c.

Suppose x > ¢ and h > 0. Since f is continuous on [z, z + h| and differentiable on (z,x + h),
there exists £ € (z,x + h) such that

As £ > x > ¢, we have

f(:c+h}1—f(w) —bl= (&) —b| <e.

Therefore wli)rglo (f(x+h)— f(z)) /h="0.

(b) The assumption implies that, for any h > 0, lim f(z + h) = lim f(z) = a. Hence
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(c) Let € > 0. Since lim f’(x) = b, there is ¢ > 0 such that
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\f'(z) —b] <e/3 whenever = > c.

By Mean Value Theorem, for any = > ¢, there is &, € (¢, z) such that

fl@) = fle) = f'(&)(x — o).



Thus
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Let M = max{|f(c)|,c(|b| +1)}. Now if x > max{3M /e, c}, then &, > ¢ and hence
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Therefore lim M =0b.
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6.4-4 Show that if 2 > 0, then 1+ f2 — §2? <1+ 2 < 1+ Jz.
Solution. Let f(xz) =+/1+ x. Then, for any x > —1,
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Fix > 0. By Taylor’s Theorem, there exists ¢; € (0,z) such that

f”(Cl) (l‘ _ 0)2

f@) = F(0) + ['(0)(z = 0) + —;
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sy a? <0, we have VI+ 7 < 1+ f.

Similarly, there exists ¢z € (0, ) such that
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Since chg > 0, we haVe 1 + %x — %HZQ S vV 1 + x.



