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Definition. Let A C R.

(i) A point z is called a limit point of A if for any e > 0, there is a € A such that
0<|z—a|<e.

(ii) Write D(A) for the set of all limits points of A.
(iii) A is said to be closed if D(A) C A.

Proposition 4.7. Let A C R. Then the following statements are equivalent.
(i) A is closed.

(i1) If (x,,) is a convergent sequence in A, then limx, € A.

Example 1. Show that
(a) if A, B C R are closed, then AU B is closed;
(b) if {Aq}aen is a collection of closed subsets of R, then [ ., Aa is closed.

Definition. For A C R, put

A=AUD(A).
The set A is called the closure of A.

Proposition 3.10. Let A C R. Then we have the following assertions.
1. A is closed.
2. A is closed if and only if A= A.

3. z € Aif and only if for any § > 0, there is a € A such that |z —a| < §
if and only if there is a convergent sequence (x,) in A so that z = lim x,,.

4. A is the smallest closed set containing A.

Example 2. Let A, B C R. Show that

(a) AUB=AUB.

(b) ANBC ANBbut ANB 2 AN B in general.
What can you say about infinite union?

Definition. A subset A of R is said to be compact if for any sequence (z,) in A, there
is a convergent subsequence (z,,) of (x,) such that limz,, € A.

Theorem 4.12. Let A CR. Then A is compact if and only if A is a closed and bounded
subset.
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Example 3 (Cantor’s Intersection Theorem). Let {Cy}22; be a sequence of non-empty,
compact subsets of R satisfying
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Show that (=, C # 0.

Definition. A set £ C R is said to be perfect if E is closed and every point of F is a
limit point of E.

Example 4. Let P be a non-empty perfect set. Show that P is uncountable.



